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Kapitel 4

4101.a)y = (2x + 3)* = y'(x) = 4(2x + 3)32 = 8(2x + 3)3
b)y=(1-4x)°>=y'(x) = =5-4(1 — 4x)* = —20(1 — 4x)*

)y =(1+2x3)*>y'(x) =4-2-3x%(1 +2x3)3 = 24x2(1 + 2x3)3
dy=0x%+2x)32y"(x) =3(x% +2x)2Q2x +2) = 6(x + 1)(x? + 2x)*
9y=(1+gs) =(1+5x7) s y@=4(1+55) T =5 (1+55)
f)y = (sinx + cos x)3 = y'(x) = 3(cos x — sin x)(sin x + cos x)?

4102.a) f(x) = (3x + 5)2° = f'(x) = 20(3x + 5)1°3x = 60x(3x + 5)*°

b) g0) =V3x =52 g'(x) = =

1 _ , _ 4
c)h(x)=m=(2x+1) 2o h(x)=-2-22x+1) 3=—(2x+1)3
d) f() = (3 +)* = f(1) = 4(3e3* + 1) (e3 +1)3
2 _ , _ 6
&) gw) =y =27 =g'(w) =67 =——
hw) = ——= (W2 +3) 7 = h'(x) = —220(W? +3) 73 = —p(W? +3) 3 = 2
f) V) === x) =—52v(w =—vw = WwZ+3)is

4103.a) f(x) = e*’ = f'(x) = 2xe*”

b) f(v) =sin?v = f'(x) = 2sinvcosv = sin 2v

4104.a) y = (sinx + x)? = y'(x) = 2(sinx + x)(cos x + 1)

b) y = (2x + e?*)* = y'(x) = 4(2x + e?¥)3(2 + 2e?*)

)y = e +1)" 5 y'(x) = 2(x? + 1)2xe("2“)2 = 4x(x? + 1)6("2“)2

d)



1+ 6x2
=In(x+2x3) =2 y'(x) =

x + 2x3
4105. A: f(x) =Ine®* =3xlne=3x= f'(x) =3
B:
, 3sin 3x
f(x) =In(cos3x) = f'(x) = — os3c = —3tan 3x
4106. a)
dy dy dz
dx dz dx X
b)
dz dy dz dy (dy)_1 _g 1 4
dx  dx dy dx \dz S 2

4107.a) y =x3(x2 — 1) >y’ =3x%2(x? — 1)3 + x33(x? — 1)?2x =
=3x2(x? =13+ 6x*(x? = 1)?2 =3x*(x? — 1)?(3x* - 1)
b) y=1+x)x?-1)3 =2y =2x(x?*—-1)3+ (1 +x?)3-2x(x? —1)? =
=2x(x? —1?[x> -1+ (1 +x2)3] = 2x(x? = 1)?[x®* =1+ 3 + 3x?%] =
=4x(x? —1)?(2x* + 1)
Q) =’ (3 —1)2 =y =2xe* (x> —1)2 +e*°2-3x2(x3 — 1)=
=2xe*"(x3 — D(x3 — 1 + 3%)
d) y = sin2x(cos4x + 2) = y' = 2cos2x(cos4x + 2) — 4sin2xsindx =

= 2cos2x(cos4x + 2) — 4sin2x - 2sin2xcos2x = 2cos2x(cos4x + 2 — 4sin?2x)

4108. =035, V =% 2 =352 0ch = =T =2 = 35203 ~ 51dm%/h
dt das dt dt ds ds dt

2
4109. A = x2, 2 = 2x X =2-15-37 =111~ ~ 1.1dm?/s
dt ds s
4110.50 m2 - & = 009 B 5 & _009m° 1 _ 4 g mm
dt min dt 50 min m?2 min
L dh_1av 1 m )

2 dr dr 1 dV _

anrd dv
4112.V = —,— = 4nr =——
3 ’dt dt dt amr? dt | Am 252

——1600 = 2 mm/s

4113.% = 1.5,
T

h 2
dh _ dhdv _ dvdh _ av (dV) bh _ mrh _n(55) bl

T maw —may —ac\an) menV=g=—=—St—=rr



AV mw3h? wh? dh dV /dVy\* 2.25 ,
( ) =2 ~ 3.6 cm/min

dh 675 225 dt_ dt\an 722
dA _dAdT dAdT

4114. A = nr?,—=——= 2r——n2 (4-1.2) - 1.2 = 36 dm?/s
dt dt dr dr dt

4115.
L_h_h_ . _
2°d 27T
dh_dth_dth_dV(dV)_ ,_bh_ nr2h _mhh _ mh?
dt _dtav _deav de\an) M T3 T3 3 3
dV _m3h® 2o 0. L 01 o ,
ah = 3~ =g = 04 =2~ 3.2 am/min
4116. a)
v _dvdr_ dr dV(dV) dv [ d 4mr3\ "
dt _drdt _dt_dc\ar) T ac\ar 3
dr_dV(4 2yt 150 _ o ,
) T r a5z ~ 0 mm,/min

dA dAdr dr/d 150 )
( 2) - 8125 = 12 cm? /min

dr drde di\ar ) T amose

4117. Konens volym finner man som:

bh  mr2h _ mh?
Vion = — = = {toppvinkel = 90° = r = h} = —
3 3 3
AV _ g W _dVdh _ dh (dv)‘ldV_ 1 o ogg .
an =™ NS G = Y@~ \an) dar Tz s>~ 88 mm/min
4118.
V—4HT3A—4 dav  dvdr 4 dr:dr Konstant
= AT g T G T T g ™ g A konstan

4119. y? = 2x {implicit derivering ger}ZyZ—z =2> % = % =>vy'(2) = —%

4120. a) y? = 9x {implicit derivering ger} Zyi;—z =9= % = % =>y'(4) = 2= .

b) Enpunktsformeln ger y — 6 =%(x—4) =y =%x+6—4% :%x+3

0)y =—2x—3 (fel i facit)

2 4 292 = 1 {implicit deriveri Y _ g _x
4121. a) x* + 2y* = 1 {implicit derivering ger} 2x + 4y =02 = 2
b) x2 + 2y = y3 {implicit derivering ger} 2x + 2 Y _ 3y dy Ay 2

y=Yy p g8 dx y dx dx  3y2-2






4122. x* + y? = 25 {implicit derivering ger}2x + Zy‘;—z =0=>—==—

Lutningenii (3,4) ar —3/4.

4123. 2x? + 3y? = 12 {implicit derivering ger} 4x + 6y% =0>
4124. 2x* + 3y? = 14 {implicit derivering ger} 4x + 6yz—z =0>—=
4125. x? + y? = 2 {implicit derivering ger} 2x + ZyZ—i/ =0>

Enpunktsformeln ger: y — (—1) = —:—1(x - (—1)) Sy=—x—2

4127.

d
a(xz-y)=0=2x-y+x

Ja, samma resultat.

24y _

R IR

d 2
3—)}_— xy:

4128.
(x—12+y%2=2 4
dx
/]
f.-’
.-“'(
f
l‘. 0
.,\
\ﬂ\g_
4129.

x2+xy+2y3=4

d
%(x+6y2)=—2x—y=>

3 3
y=kx+m=>1=z(—2)+m=>m=1+

t
0.8

d d
>2x+y+x X

d

dx

y=0.75x + 2.5

d
=>2(x—1)+2y%= Odvsda 1—x =1y
yz +)’2 =2= (x1,y1) = (0,1) och (x5,¥,) = (2,-1)

-4+1 3
x+6y2  —2+6 4
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4130.

4131.
%(yz =300% +x2) > Zy% = Zx% :%: 5%: \/ﬁso m/min
a) %: g%:ﬁSO ~ 35 m/min
b) % = g‘;—: = %50 = 40 m/min
4132.
%(yz :x):;,Zy%:%:‘%:%%:ljs—gzo.%m/s
s
.
0 i : : : :
4133.
x? =1500% + y?, %(x2 = 15002 + y?) = Zx% = Zy% =

dx ydy 1000
dt  xdt +/1500% + 10002

200 = 110 m/s




d dy dx dy xdx 3
—(2=5"-x?) =2y —=-2x—=>—=———=—-—o-0.04 =003
¥ ¥) =2y gy Ya T ac T ydt T2 _ 32 m/s
4135.
km
v = 540T =150 m/s
da 1 2tv? m
a(t) =\ (wt)2+h? > —=-——————={t =605} ~ 130— ~ 470 km/h
dt 2 [(vD)? + h2 s
4201. a)
00 t
f Xdx = 11m e ¥dx = tlim [e™™]2 =1
0 0
b)
0o t
1 1
f e dx = lim e dx = > lim [e=2¥]? = 3
0 0
c)
00 t
f sinx dx = tlim fsinx dx = tlim [cos x]§ = divergent
0 0
4202. a)
f Ly [2vx]” = di t
—dx = |2Vx ivergen
1 Vx ' i
b)
1
f ; [Inx]° = divergent
1
c)
Jx—zdx = [;]Oo =1
1
4203.



4204. a)

w

i Zd—l [ 2]""_1_ [1 1]_1
woe | x5 T W | T axtl, T 2whe |29 T WA T 32
2
b)
I J~ Y = im -2l ]W-— I [1 ! ] —1
woe ) x+ 12wl 2 2@x+ D2, T weel T w2
0
c)
w
3 w3
lim | 3e %*dx = lim ——e‘z"] =-
WwW—00 wW—0oo 2 0 2
0
d)
w
2 w
lim —dx = lim 2—] =2
w—>oo X\/_ W—00 \/; 4
e)
w
lim de = lim [2- 2\/§]‘:’ divergerar
w—>oo w—0o
f)
: 1 L e?
lim | e?*dx = lim _er] =—
wW—0o w—-0o —-w 2
-wW
4205.
: 4 @y
: —0.9x — i _ _ ,—09x -
Jim | 4e™"dx = 3523[ 0.9°¢ ]O 0.9
0
4206.
1
[ ax =[2val, =
- x —
Vx
0
4207. |
\
3
2
1
0 1 2 3’ 4 ) 5
w
(4 47" 4
lim | —dx = lim [——] =—=4>5a=1
W-00o xZ wW—00 X a a
a
4208.
w w
lim [ dx= tim [ x*dx = tim [—x+1] =2y [1] =
wl—l;rgo xk x_wl—rgo x x_wl—rEO[—k-l-lx ]1_ —kwl—rgo[xk_l]l =






4209.

5 5
4r 41124
V= fn(Zx)zdx = 47fo2dx =3 x3)3 = ~ 519 v.e
1 1
Volymen kallas en stympad kon.
4212,
w
s Vs
V = lim f me ?*dx = = lim [e72*]), = = v.e.
0
4213. Volymen ar den som i vansterkant begransas av x = 2.
w w
_ 1\? _ 1 T (117" &
V= Ml/l_r)‘[go n(m) dx = 7'[V|1/1_r)ré0 x—3dx =§M1/1_r)ré0 [x_z . =3 v.e.

2

4214. Volymen &r den som i vénsterkant begrénsas av x = 2.

w 2
V= i f mdx — i 1 ] B
= lim (x—l)z_ﬂ im W—nv.e.
2

w— 0o wooo [x — 1

4215. a)
r 1
lim ;dx = lim [In|x|]}¥ divergent = odanligt mycket farg!
w—00 wW—00
1
b)
w 1 1
lim | 7—dx =m lim [—] = v.e.farg.
W—0o0 X w—-oo | X w
1
4216.
3
2 7 9 1
fn(x+1)dx=n—+x =n(—+3——+1>=8nv.e.
2 2 2
-1 -1
4217.
a
x? “ a? 1
fn(x+1)dx=n—+x =n|—+a—=-+1)=16n
2 2 2
-1 -1
a? 1
7+a—5+1=16=>a2+2a—31=0
a=-1+V1+31-1+V32=4/2-1~47
4218. a)

2
f 10e7%5¢dt =10-2[e7 %59 =201 —e ) =~ 12,6 g
0

b) 20 g






4219.

w
lim | 100e~°%9¢dt = 2000 lim [e~%°5]9, = 2000 liter
wW—00 wW—00
0
4220.
w
lim | 2e79925%dx = 80 lim [e~%025]9, = 80

WwW—0o WwW—0o

0
Den ursprungliga temperaturen var 80°.

4221.

w

lim [ 0.001e~9001%gyx = Jim [e~%001¢]0 =1
w— oo w—oo

0
Sannolikheten att den forr eller senare gar sonder = 1.

4222. a)
2 0
szoof a___ 5200[ ! ] = 5200 (1 1) 3500 st
(1+02 1+tl, 3) "~ S
0
b) 5200 st
4223.
w
lim | 0.001e7%%tdt = 0.02 lim [e~%95¢]0, = 0.02 g
w00 w—0oo

0
Facit svarar ug, troligen skulle det varit pg i uppgiften.

4224,
i(t) =4.41-107-0.956" = 4.41-1075 - ¢!In0-956
4.41-107° w
— .10-5 tln0.956 J+ — tln0.956]% —
Qror = 44110 J e dt = ———== E ]0
0
_4.41-10—5( 1) = 0.98 mC
~ T1n0.956 - ooem
4225. a)
R R R,
_ dr _ 11
fF(r)dr= 6.672-10"11M -m fr_zz 6.672 - 10 11M-mH =
Rj R; ¥
667210 UM -m[——1) =
= 6. R R =
1
=6.672-10711-59735-10%*-15 000( - ) ~ 1.47 G
6.37-10% 6.38-10° J
Energin som kréavs att lyfta 15 ton 10 km ut fran jordens yta.
b) Cirka 940 GJ for att lyfta 15 ton bort fran jordens gravitationsfalt.
x%+3 _ 3 10-x _ 10 x _5 1 x(x+2)+1 _ x(x+2) 1 1
4301.a) x2 _1+x2 b) 2x  2x 2x  x 2 ©) x+2  x+2 +x+2_x+x+2



x+4-4  x+4 4 4 b) X _ x=7+7 _ x-7 7

x+4 - x+4 x+4 x+4 x-=7 x=7 x=7 x=7

4302. 8) — =

4303, ) L =xt_x L _q_ L ) Pk . SR B |
x+1 x+1 x+1 x+1 x+1 x=5 x-=5 x=5 x-=5
o)X _x+88_x+8 8 _,_ 8
)x+8_ x+8  x+8 x+8 x+8
1 _a, b _ a(t+1) bt _atta+bt _(a=1 1 _1 1
4304. t(t+1)_t+t+1_t(t+1)+(t+1)t_ t(t+1) _{b:—]_}_t t+1
4305.
3x _a N b alx—-1) N b(x+2)
x+2)(x-1) x+2 x-1 (x+2)(x-1) (x+2)(x-1)
alx—1)+b(x+2 = = 2 1
_a( )+ b( ) _ { a+b 3}=>{b 1_ +
(x+2)(x—1) —a+2b=0 a=2 x+2 x-1
4306. a)
x+1_x+1+1—1_x+2—1_x+2 1 _ 1
x+2 x+2 T ox4+2  x+2 x+4+2 x+2
b)
x—2_x—2+3—3_x+1—3_x+1 3 _1 3
x+1 x+1 T ox4+1  x4+1 x+1 x+1
c)
x+1_x+1—4+4_x—3+ 4 14 4
x—3 x—3 T x—3 x-3 x—3
4307. a)
x+1 _a N b alx-1) b(x—-2)
x-2Dx-1) x-2 x—-1 (x-2)x-1) (x-2x-1
=a(x—1)+b(x—2)={ a+b=1:>b=—2}=
x—2)(x—-1) —a—2b=1 a=3
3 2
Tx—-2 x-1
b)
4 _a+ b alx—4) bx  a(lx—4)+bx
x(x—4) x x—4 x(x—4) x(x—-4)  x(x—4)
:{az—l}: 1 1
b=1 x—4 x
c)
2x+5  2x+5 _a+ b _a(x—5)+bx_{a+b:2:a=_1}_
x2—-5x x(x-5 x x—-5  x(x-5 U a=-1"b=3 1"
3
T x—-5 «x
4308.
1-x  a N b _a(x+2)+b_{a=_1}_ 3 1
(x+2)2 x4+2 (x+22 (x+22  Wb=3J)J x+2)?2 x+2

4309. a)



x a b a+bx—-1) (p=1 1 1
G- G2 x—1 (=12 o)

" la=1 =(x—l)z-}-x—l
b)
x+3  a N b a+bx—-1) {b—l} 4 1
x—1)2 (x-12 x-1_ x-12 la=4 (x—1)2 -1
4310. a)
3 3 3
3x + x? x? 9 1
f dx=f3+xdx= 3x+—| =9+5-3—-5=10
X 2 2 2
1 1
b)
2 2
f f =[2Inx+x]?=2In2+2—-2In1-1=2In2+1
1 1
4311. a)
j iy —jx” 2 dx=x—2Mnlx+2l+C
x+ 2 x= x+2 x+2 X=X nix
b)
f X 4 —fx_2+ 2 dx=x+2Infx—2]+C
x—2 T x=2 x-2 x=x X
4312. a)
3
f 1 A B Ax+1)+Bx 4=1
—dx ==+ = = =
x(x+1) x x+1 x(x+1) B=-1
2
3
—fl ! —[1||l|+1|]3—l3l412+13—19
= | s~ 7374 = [nlx| —Inlx 5 =1In n n n3=Ing
2
b)
f 1 A B Alx—-2)+B(x-1) A+B=0 A=-—
—dxz + = = =
(x—1Dx-2) x—1 x-2 (x—1Dx—-2) —2A—-B=1 B=
-1
0
—fl 1d—[ll 2| — In| 1|]0—121113+12—14
= | y=3  y—7% =[nlx n|x 9. =In n n n2=lng
-1
4313.
f x+4 A N B _A(x+1)+B(x—2)=> A+B=1:>A=2
(x—2)(x+1) x—2 x+1  (x=2)(x+1) A—-2B=4 B=-—




1
2
= —_ = —_ —_ 1: —_ —_ =
_fx—Z x+1dx [2In|]x = 2| =In|x +1]]g =2In1 —-In2—-2In2+1In1
0
=-3ln2~=-21
4314. a)
2
f dx=2In|x+2|+C
x4+ 2
b)
2 2 A B Ax+2)+Bx A4=1
f—dx:f—dx:— = > =
x? + 2x x(x + 2) x x+2 x(x+2) B=-1
1
=f—— dx =In|x| —In|x + 2|+ C
x x+2
c)
f —f“l D g cx—mx+1]+C
x+1 T x+1 x+1 x=xomix
d)
fzx —fzx_4+4d—f2+ dx = 2x + 4Injx — 2| + C
x—27T ) x—2 Tx—2% 7 x—20 = nix
4315.
e+4 e+4 . .
X _ X _ _Al1e+4 _E _
_fx—4 —fx_4+x_4dx—[x+4ln|x 4|]¢* =e+4+4—-5=e+3
5 5
4316. a)
2x + 1 o = A N B Alx+2)+B(x—-1) a=1]|_
G-Dx+2) " T |x=1"x+2°  x-D&x+2 B=1|"
—f ! + dx = In| 1| +In|lx+2|+C
T x—1 x+2 X=X nix
b)
2x 2x A B Ax+2)+B pA4=2
f—dx:f—dx: + = = =
x2+4x+ 4 (x + 2)2 x+2 (x+2)2 (x + 2)2 B=-4
_J‘Z d—21|+2|+4+C
T x4+2 (x+2)2 X =emix x+2
c)
f 2x+1 _ 2x+1 d =
2rx—-6"" G+~
| A N B A(x—2)+B(x+3) A+B =2 :>A:1 _
Tlx+3 x=-2  (x+3)(x-2) —-2A+3B=1 "B=1|
1 1
:f + dx=In|lx+3|+InjJx-2|+C
x+3 x-—2



d)

f X A B _A(l-2x)+B A= -2
——dx = + =
(1 —2x)2 1-2x (1-2x)2  (1-2x)2 B =2
! dx = ! +In|1-2x|+C
(1—2x)2 1-2x T 1o M7
4317.
x+3 B A+B(x—-1) pA=4
——_dx = + = = =
(x —1)2 (x—12 x-1 (x —1)2 B=1
2
—j ! d—[4 + In| 1|]5—
T (x-1D%2 x-1 S FP R 5
’ 4
—4+1n4——1—1n1—3+ln4
4318.
j x+4 B A(x+2)+B(x+1)=>{A+B=1 {A=3 _
(x+1)(x+2) x+2 (x+Dx+2) 2A+B=4 " \B==2|"
13
f“ ~dx = [3Inbx + 1] — 21nkx + 211} =
32
=[31n2—21n3—31n1+21n2]=51n2—21n3=ln?
4319.
e
x+4 A B A(x+ 1) + Bx A=4
j— X =3—+ = { =
x(x +1) x x+1 x(x+1) B =-3
1

e

—f4 3 dx = [41nfx| - 3lnlx + 1] ¢ =
= | -7 7dx = [4nlx n|x ¢ =
1

=[4lne—3In(e+1) —4In1+3In2] =4 —-3In(e+ 1)+ 3In2 =

=4+43In

e+1



4320.

4
J dx— [In]x? —1|]2 =In15—1In3 =1In5 a.e.
2
: f=x fl=1 ,
4321.a)fxsmxdx={ S }=—xcosx+fcosxdx:—xcosx+smx+C
g =sinx g=—cosx

f=x fl=1 1 1
b) [xcos2xdx =1 , 1 =-xsin2x — = [sin2xdx =
g’ = cos2x g=551n2x 2 2

1
=—xsin2 - 2
szm x+4cos x+C

=x =1
c) [ xe®*dx = {g,f: £0.5% gi 2e°'5x} = 2xe%%% — 2 [ e%5%dx = 2xe05% — 4e05% + C

" f=x+1 f'=1 X 1p
d)f(x+1)exdx={g,=e2x g= ;ez,c}—(xﬂ) e? —— [ e¥dx =

4325.

g=1 g=
f=lnx f'=1 1 1,01 1 1
4326.a) [ xInxdx = xz =-x?Inx ——[-x?dx=-x’Inx — - [xdx =
g =x g=3x
1 1 x?
= — 2 _— 2 = — J—
2x Inx 4x +C 4(Zlnlxl H+C

b) [In2xdx = [(In2+Inx)dx =xIn2+xlnx —x+ C=xIn [2x| +C

¢) [Inx?dx =2 [Inxdx = 2(xIn|x| —x) + C



4327.
2

X2 2 22 12
J-xlnxdx={4326a)}=[I(Zlnlxl—l)] =Z(21n|2|—1)— Z(Zlnlll—l) =
1 1
A om2-D4+rz2m2-
g g emeTy
1
f=Ihx f'== e
4328. a) flexz Inxdx = = [ln—xx?’] —lffxzdx =
gI=x2 g=_x3 3 1 3

Ine In1 1 e 1 2 1
_ (e 3 M3\ _ tr3e_f _ 3 _y_%.3,>

( e 1) [x3]¢ 3 9(e 1) g€ +9
b) flexz Inx? dx = flex221nxdx = 2 - {svareti4328 a)} =§(Ze3 +1)

c) fle x? lnidx = —flexz Inxdx = —1-{svareti 4328 a)} = —%(263 +1)

4329. a)
— .2 "
fxz sinx dx = {g’_—xsinx gg—ziosx} = —x?2 cosx+2fxcosxdx =
— ,:1
={ ,f * f . }=—xzcosx+2(xsinx—fsinxdx)+€=
g =cosx g=sinx
= —x?cosx + 2(xsinx + cosx) + C
b)
f=x? fr=2x z 1
fxzezxdx—{ v 1 2x}=7e2x—§.[2xe2xdx=
g'=e” g=se
2
r=1 )
f=x f x x
— 1 - 2x_<_ 2x _f 2x ):
,g,:er g=§€2x 5 € ¢ e“*dx
2
:?ezx —e2x+4ezx+C
c)
foexdx:{gl _xex g_egxx }:x3ex_3fxzexdx:{§’ _xex g_exX}:
= x3e* —3(xze"—2jxexdx> =x3ex—3x2ex+6jxe"dx =

= I — 1
= {gr :xex Z — ex} = x3e* — 3x%e* + 6(xex — f exdx> =

= x3eX — 3x2%2e* 4+ 6xe* — 6e* + C

4330.
= X ,= X

fexsinxdx={gf_ s?nx g]:_Ci)sx}=—excosx+fexcosxdx=

(fme s

=1 3 . }=—excosx+exsinx— e*sinxdx =
g' =cosx g=sinx



4405.

5 315
3 3 , 9 4 2 9 \z
y = xVx = x2 :y’zzﬁ:j 1+Zxdx=§-§ (1+Zx) =
0 0
E 3
8 (1 45)2 \_38 (7) \_7 -8_343-8_335
~ 27 4 27\\2 ~T27 T 27 27 ¢
x3 x2 1 1 x*-— 2 1
= — J— ! = — —_— ! [ 8 __ 4 —
YO =gt 2y W =507 =3 7 2V W=a0 -2+ 1)

fexsinxdxzex(sinx—cosx)—Jexsinxdx:>

fexsinxdx = Eex(sinx —cosx)+C




Test 4

1—X ’
= yTl'y 0,00=-1

1.
[ee] 2 w
j —dx = lim | 2e™*dx = 2 lim [e™*]}, = 2
e w— 00 w— 0o
0 0
2.
y = (x2 +sinx)® = y'(x) = 3(x2 + sinx)2(2x + cos x)
3.
dy dy
_ 12 12— _ 2= il
x—-D*+@w-1) 2=22(1—x)+ 2y 1)dx O=>dx
¥ o
2 '/
.
0 1;/;2 \';
4,
[ee] w
j 2e7%2dx = lim | 2e7%%dx =2 lim [5¢7%2]%, = 10 a.e.
w—>00 w—-00
0 0
5.
dy dy 8
2 — —3 = = — = —
yc=16x > 2y ax 16 dx_y
a)y'(4) = % =1 byy=4+x C) y = —4 — x (symmetriskal)
6.
T T~
s N
/ N\
/ Vs \\.
:'/! \
f‘ |
§ 25 0 25 i \
\ /
\ L /,.
\ /
\ /
. |
\R_ 1 _~




d d d
x2+y2=25,—:>2x+2yd—i:=0:> Y

—g,(4,i3) Sy @)=+

wl &

dx dx ~
7.
X _x+4—4_x+4+ —4 _1 4
x+4 x+4  x+4 x+4 x+4
8.a)
2x—3 2x 3 3
j dx = ———dij——dszx—31n|x|+C
x x x x
b)
5x + 2 A B A(x—2)+B(x+1)
—dx=f—+ dx=f -
x+1D(x—-2) x+1 x-—2 (x+1D(x—-2)
A+B=5_34=3 1 4
= = =
{42 B=4) fx+1+x—2dx
9.a)
1 1
f=x f=1
'[erxdx = {g' _et 4= ex} = 2[xe*]§ — 2 | e¥dx = 2e—2[e*]} =2e —2(e— 1) =2
0 0
b)
/4 f=x f’=1 3 /4
3x sin2x dx = = =[x cos 2x]° +—f cos2x dx =
f : {g’=sin2x g=——c052x} 2[ 4 2
0 2 0
_3 3 n/4_3
—2(0 0)+4[51n2x]0 =1
10.




11.a)

b)
X _.2 1 _x21® 1
[ -getar=3lel = -
0
12.
1
: f@=x =) 4 1 o1
fx3lnxdx= 2t =|=Inx ——fx4—dx=
, 3 x 4 4 X
1 g'(x)=x g(x)=7 T
‘o1 1 LI | 3et+1
e e e e’ +
] R N R
4 4 4 16 4 16 16
0
13.

fw m w1 ]0_471
Gt 1) x = 3 (x+1)3°0_ 3 v.e.
0

14,
ST AV L AV 24
3 T T "= am? - aniez ~ 0075 dm/min



Kapitel 4 Blandade uppgifter

3.
n
li X 3l 2d 3-=1 [ 2]
m = m X X = —1mx
n—oo xz\/z n—oo n—)oo
1 1
4.
d d dy
— QG +2)2+y)=—@)24(x+2) +2y—=
—QE+2? 4y = () >4+ +2y =05
dy 2(x +2)
—_— —_——— ’—2:
P =y'(=2)=0
5.
d d dy dy X
—(x2 2y=_"2¢(2 2 2y—=0=> — = —— 1) =-1 =2-
dx(x +y°) dx()=> X+ 2y =0 y=>y() =y x
6.
2x _2x+6—6_2x+6 6 _> 6
x+3  x+3  x+3 x+3 x+ 3
7.
r_4 hA = 2:>dA_2 :>dA_dAdr dAdr — oy dr
ac AT G T T e T dtdr drde . ST de

=2m-20-4 =160m ~ 500 cm?/s = 5dm3/s

8. Konens volym ar:

V_hb_hnrz_{ h_3}_7rh3:>dV_7Th2
T3 T T3 CUenAES TS TR T 9

dh _dhdv _dhdv (dV)"ldV_ 9 dv_ 9

—=—s——=—15%4, i
G- dcdv _avde \an) dt  mhdc g3z o~ H8cm/min

9.a)
y=(e*+ x2)5 =y =5(e* + x2)4(2xe"2 +2x) = 10x(e** + x2)4(ex2 +1)

b)
B 5 , _ 5(=2)(=sinx —3x?) 10(sinx + 3x?)
Y= (cosx — x3)2 B (cosx — x3)3 ~ (cosx — x3)3
10. a)
dy dy dy 2x
=1=2x+—=+2 =
Ay dyt=lo2vd A2y =02 =1

b)



11.

12. a)

b)

13. a)

b)

14. a)

b)

15.

d dy dy y
4 =0 — 2 = = _Z
y?—4 = 0d=>2xy+x2yd 0=>dx .
°° -1
V= Jne"Z("“)dx:n[le"z(x“)] =Zye
2 o 2
-1
5x A B _A(x+4)+B(x—1)_

G-Do+d x-1 x+4 G-Dx+4)

_(A+B=5_(A=1_ 1 4
_{4/1_3:0:){ :4}_x—1+x+4
5 A B Ax+4)+B(x-1)

G—Dx+4) x—1 x+4 G—Dx+4)

— _ 1 1
:{4ﬁig=g=>{g=1—1}:x—1_x+4

j‘ xd_fx+4—4d _fx+4 4d—
x+4 = x+ 4 = x+4 x+4 =

4
=f1— dx=x—4In|x+ 4|+ C
x+ 4

fx+2d _fx+4—2d _j'x+4 2 dy =
x+4 = x+ 4 = x+4 x+4 =

dx=x—2In|x + 4|+ C

x+4

1t =2, -
_ 52X 2x: Py
=e = —¢e 2
972
11
22

dx:[zx/x2+9 z=2(\/42+9_\/02+9):

=2(5-3)=4

X
Vx2+9

O\.{}



w

V= f e 2¥ldx = 27 lim f e~ 2*dx = 21 lim —e‘zx] =TV.e.
W—o0 woow |2 w

0

16.
_11 x? 1 ( ) 11 x?
=—=Ilnx =>y - :>y _42—2 7
’ x2 ’1
J\/1+(y)2dx—j F-I_ + — dX_J 2— —
- j( +x)dr =21 +x _Lre
—2 X X—Z nx 2 4
1
17.
cmz_dA_dAdr_dAdr_d( 2)d o dr 42 em? /i
min _ dt _ dtdr drdt  dr ac = 8 g = 42 cm?/min
dV_dVdr_dVdr_d 41r3\ dr _4 dr
Crah wa e\ 3 sk
Men dé:
dr_42 dV_4 2dr_4 2_21 252 em?
dt_87TT':>dt_ r It mr? - r cm®/min
18.
x3 1 x? 1 1
Y=tV =7 "= (y)

Omfangsrika uppgifter
(sid 190 ff)
1.
A: fole‘xdx =[e*¥=1-e"1=0.63
1+e

1 X
B: [, 1:;7dx =[In(1+e)i=In(1+e)—In(1+1) = In— =~ 0.62

C: f_01 e*cos(e*)dx = [sin(e*)]?,; = sin(1) — sin(e™!) ~ 0.48



2 2 _ a dy _ ay x4
2.x°+y —25,dx=>2x+2ydx—0=>dx_ 5= 31(4,3)

For att hitta var tangenten skar x-axeln kan m hittas:

y=—§x+m=>3=—§4+m:>m=3+§=>y=—ix+E

3

c0ox=2 625 a=d, A, =22 as Lo (3) 133
y = x-4— . = Ap 5= ) T Znarcan 2 = 1. da. e.

Eller, kanske enklare, ar att inse att de bada trianglarna dr kongruenta 3, 4, 5-trianglar. Detta gor att
den stora triangelns 3-sida sammanfaller med den lilla triangelns 4 sida. Detta ger samma svar som
ovan. Och man slipper den implicita deriveringen!

18.

dy

Y = kdt = d
y(N —y) ) Y

A
=kdt > d (—+ = kdt = =
yy y(N —y)

1
AN —y)+By _ A=g

N-—y 1
B_N

1 1 1 _ o 1 ~
Ndy (; + N——y> = kdt = {integrera bada sidor} = m (Iny —In(N—y)) =kt +C

y

In = Nkt +C) = N}iy = eNKEH0) 5 3y — NENKLHC) _ 3 oN(kE+0) o
NeN(kt+C) NetheNC Neth

1+ eNKt+0) — 1 + eNKEgNC — (,  gNKe

y(@) =

3 3 — 4.3 3 2 24y _ ay
19.a8) x° + y° = 3xy, dx(x +y° =3xy) = 3x* + 3y dx—3y+3xdy

dy 5 5 dy x*-—y
xE Y=y =TT
dy x=0 x =32
—=0d3x®=y=x3 6=33::»{ h
dx ax y=>x+x X y=00c {y:w
dy _ . 6 3 _ o3 x=0 x =34
2
0) x3 4+ y3 = 3xy = x3 + 323 = 3xtx = x = — ot -1

w2 Y T Taes

20. Produkten av avstanden till (—a, 0) och (a, 0) fas som:

\/(x—(_a))2+yz Jx-a)2+y?=a’>
(x+a)?+y)((x—a)*+y*) =a*=

(x?2 +2xa+a?+y?)(x?-2xa+a®>+y?)=a*>



x* —x32a + x%a® + x?y? +
2ax3 — 4x%a? + 2xa® + 2xay? +
a’x? — 2xa® + a* + a?y?* +

2x% — 2xay? + a’y? + y* = a*

y
x* +2x%y% + y* = 2x%a% — 2a%y? >

(x2+y?)? = 2a?(x? — y%) VSV
b)

d d
a(xz_|_y2)2 — EZaZ(xZ —y?)

d d
2(x%+y?) (Zx + 2y y) = 2a? <2x - 2y£)

dx
dy dy
24,2 24,2 — 42+ _ 42
x(x+y)+y(x+y)dx a‘x aydx
dy dy
2.2 2 2. 2.2
y(x+y)dx+aydx a’x —x(x“+y*)

d
d_ic, (a?y + y(x?+y?)) = a?x — x(x*+y?)

d
d—z =0dada’x = x(x®+y?) = x*+y? = a?

Uttrycket ar en cirkel med mittpunkt i origo och radie a, dvs 4.

X" = y=_i2

2_42_22:>{x=+2\/§

21. Personen befinner sig pa avstandet v/20 km frdn fyren. Kéglan roterar ett varv pa 20 s.
Kéglans hastighet torde bli:

_ an
20

v ~ 1.4 km/s

(Facit ger 3.1 km/s, oklart varfor.)



22. Om papprets kortsida satts till 1 l.e. blir 1&ngsidan v/2 l.e.. Kallas den skuggade triangelns vertikala
katet 1 — y fas:

1
1-y)2+x2=y21-2y+y2+x2=y2 @y:z(x2+1)
Triangelns area kan uttryckas:

A(x) =%x(1—y) =%x<1—%(x2 +1)) =%x<%—§> =%(x—x3)

Med hjélp av derivatan kan den stdrsta arean sokas:

dA(x) 1 , . 1
e —Z(l—3x )—Odax—ﬁ~0.58

Dvs

A =lx(1—x2)=1i<1—1>=iz0.096a.e.




23. Funktionen v(d) visar vinkelns beroende av avstandet d.

a)

(d) = arct. 7 t >
v(d) = arctan— — arctan o

Tillsammans ger dessa intervallet 0.3 < d < 114 m.
c) Cirka 5-6 meter.

d)

25 49 175 245 70 75
7(1+—)=5(1+—>=>7+?=5+?=>2=ﬁ=>d= 35 ~59m

24,



0

0 0 x* 232
Jo, 23 =x? —4x+3 - (—x* +3)dx [, x° — 4dxdx _ T X 2 _

foz—x2+3—(x3—x2—4x+3)dx_—f02x3—4xdx [x4 ) 2]0
7 X 5

4 0

X 5.2

[4 2x ]_2 4

= — — = 1

[x‘* ) 2]0 4

= —2x
4 2

27.a
) d e¥ —e™* e¥ +e7*
acoshx =— 5 = 5 = sinh x

4 = L(ECHETN et et e
—tanhx = — = - e¥ + e~ =
dx dx\e* —e™* eX —e X  (eX —eX)2

e —2+e™X e 424 22 1

(eX—e*)2  (eX—eX)2  (eX—eX)2 ~ " sinhZx




En intressant integral, Gaussklockan:

I = je‘xzdx
LAt oss se om vi kan hitta I?: -
o 2 o o © o
12 =<fe‘x2dx> = fe‘xzdx fe‘yzdy= f fe‘yzdye‘xzdx=
o o dydx = pdedp © 21
- Jermane 52 | T v
T 0<p=<o 00

1 0
=2n§[e‘pz]w=n=>l= fe‘xzdx=\/5

Talkodning:

10 10
sy(n) =s(n) + Z aiy{s(n —i)— Z al-yé'sw(n —-i), n=0---L—-1
i=1 i=1

sy(m) =s(m) + a1y s(n — 1) + -+ +a,,y1%(n — 10)

- (alyzsw(n — 1)+ -+ ay0y3s,(n— 10))

sy(m) =s() + a,0.9;s(n — 1) + - +a,(0.9%s(n — 10)

—(a10.65,,(n — 1) + -+ + a140.6'%s,(n — 10))



40
D= Z(x(n) —gx(n— L))2 = Z x(n)? — Zgz x(m)x(n—1L) + Z g*x*(n—1L)
n=1

g—gz —ZZx(n)x(n—L) +2g2x2(n—L) =0

_ Xx(n)x(n—1L)
- Yx*(n-1L)

D= Z:xz(n) - 292x(n)x(n - L) +292x2(n —L) =

_ Z X2(n) — 2 X x(m)x(n — L)]? Z x(n)x(n — L)] 2 2(n— 1) =

Xx*(n—1L) Xx*(n—1L)

B [Ex(m)x(n—L))*  [Ex(m)x(n-L)]*
D RAGEE S2m-0 | Sem-0D)

[X x(n)x(n — L)]?
- Zx2<n> T Ty x2(n—1)

Testa4l < L <169
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