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Kapitel 4
4107.2a)y = x3(x? - 1)3 =2y = 3x%(x? = 1)3 + x33(x? — 1)%2x =

=3x2(x? - 13+ 6x*(x? — 1)2 = 3x2(x? — 1)2(3x2 - 1)

D) y=(1+x)x%?-13°3=>y" =2x(x*-1D3+ (1 +x?)3-2x(x? —-1)%? =

=2x(x? = 1)?[x* -1+ (1 +x?)3] = 2x(x2 — 1)?[x? =1+ 3 + 3x?] =

= 4x(x? - 1)?(2x% + 1)
) =eX (3 —1)2>y =2xe* (x3 = 1)2 + "2 3x2(x3 — 1)=
= 2xe*’ (x3 = D (x3 — 1 + 3x)

d) y = sin2x(cos4x + 2) = y' = 2cos2x(cosdx + 2) — 4sin2xsindx =

= 2cos2x(cos4x + 2) — 4sin2x - 2sin2xcos2x = 2cos2x(cos4x + 2 — 4sin?2x)

4108. £=032 v =535 =352 9ch L =W B VI _ 30203 ~51dm3/h
dt h das dt dt ds ds dt
2
4109. A =x2, % = 2x % =2.15-37 = 1112 ~ 1.1 dm?/s
dt ds N
3 3
4110.50m2 - Z =09 2 o & _00m 1 _ 4 g M
dt min dt 50 minm min
A1 V=A-hoZT g2 & _1_ _1 (0652 ~ 1.4cm/min
dt dt A dt ml.2 min
3
4112,V = Y g2t 40 111600 ~ 2 mm/s
3 dt dt dt 4mtr~ dt 4125
h dh  dhdv _dvdh _ dv (dv\"1 bh 2h ﬂ(i)zh n3
4113.2 =150 =D L HD _F () T pepy =Tl uE - S T
T dt dt dV dt dv dt \dh 3 3 3 6.75
dv  w3h? wh? dh dV <dv)‘1 , 2.25 26 _
— = = —=—(— =2.-—— ~ 3,
dh ~ 675 225 dt  dt\dh 722 cm/min

414 A=z =208 _dAdr o & 12.(4-1.2) - 1.2 ~ 36 dm? /s
dt dt dr dr dt dt



4115.

L_h_h_,
—_——_=— =
2°d _ 2r r
dh _dhdv _dvdh _dv <dv)‘1 b _ nr’h _ wh®h _ mh?
dt _dtdv _dedv _de\an) T T3 T T3 T3 T3
dV  m3h? g, 101 _
_— = = — = Gqr— = —= 3.
an 3 " dt 22 7 ¢m/min
4116. a)
dv.  dvdr dr dv <dv)‘1 dv [ d 4mr3\
—_—m——y = | — = —| —
dt drdt dt dt \dr dt \dr 3
dr _dv ey — 150 o _
b Tl r =z~ 0 mm/min
)

dA_dAdr_dr(d

dA _dAdr _dr(d _ _ -
dt  drdt dt 8m25 = 12 cm*/min

2| —
ar ) = 47252

4117. Konens volym finner man som:

bh mr’h _ mh3
Vion = — = = {toppvinkel = 90° = r = h} = —
3 3 3
av h2 g dv  dvdh dh <dv)‘1 av 1 25 ~ 88 _
- = —_——— 0 — = | — —_— =40 X 0.
dn TS e T anar ar \an) dr 732 mm/min
4118.
v 4mr3 - dv  dvdr A ,dr dr Konstant
= = _— == —_— s —
3 T T drde T g T ge areonstan
4128.

2 2 d dy .
(x—1*+y==2 E:Z(x—1)+2ya=0dvsda 1l—-x=y

y2+y2=2= (x,y1) = (0,1) och (x3,y,) = (2,—1)

RS9 e
AN

| o 08




4129.

d dy dy
2 2y3=4 —=2 —~4+2-3y2 2=
x“+xy+2y dx x+y+xdx+ y dx
dy dy 2x+y -4 +1
—(x+6y)=-2x—y=>—"—=— = — =
dx(x ) TV T X + 6y? —-2+6
3 3
y=kx+m:>1=Z(—2)+m:>m=1+5=2_5
y =0.75x 4+ 2.5
4130.
2 2 _ x =41
{x2+2y2_2 >3x2=3={ 1
2x° —=2y° =1 y—i—z
dy dy __x__1
d{x2+2y2=2 2x+4y =0 dx 2y NG
- =
dx (2x? - 2y? =1 dy dy «x 1
4-x—4y—=0 —_— == —— =
d dx y 1/V2

3

4



4131.

d(2 3002 + x?) Zdy de dy xdx x 50 )
_ = = e _— — —
dc Y X Yt e T de T ydt m m/min
dy _ xdx _ 300 ~ :
) 3 = yar ~ Vasorrseoz 20 ~ 35 m/min
dy_xdx_ 400 _ .
b) dt  ydt x/3002+400250_40m/rrlln
4132.
d(z_) 2dy dx dy 1 dx 1.5_3 0.38
ac” =X Ya T dt de 2ydt 4 8" m/s
.
.
0 1 2 :; 4 5
4133.
d dx dy
2 _ 2 2 L2 2 2 ar
= 1500° + y*, dt(x 1500 +y)=>2xdt 2ydt=>
dx d 1000
_YY_ 200 ~ 110 m/s
dt  xdt 15002 + 10002
4134.
d dy dx dy xdx 3
—(y2=52—x?) 2 2y—— = —2x— > —= = ————0.04=-0.03
a R T T e 02— 32 m/s
4135.
km
v= 540T = 150 m/s
da 1 2tv? m
alt) =y (wt)2+h?=>—=-——={t =60s} ~ 130— =~ 470 km/h
dt  2.[(vt)? + h? s
4204. a)
w
li 2d li ] —1 i =
wl—r>120 x5 x_wl—l;l;lo C4x* Ew—mo ZT_F 32
2
b)
li f * dx = i L1 * ]W—l' [1 ! ]—1
woo ) Cx+ 13 T whel 2 2@+ D2, T whel T w2l T
0
c)

w w 3
lim | 3e7%*dx = lim ——e‘zx] =
w—0co w—0o 2 0 2
0



d)

w

li 2 d li 2 Z]W 2
im | —dx = lim |-2—] =
W—>OO4 x\/E wW—00 \/E 4
e)
w
lim idx = lim [2- 2\/§]W divergerar
w—00 \/; w—00 1
f)
1 ) .2
lim [ e?*dx = lim —ezx] = —
w— 00 w—ooo —w 2
-w
4205.
a a
lim | 4e7%%%dx = lim ——e‘°'9x] =i
a-oo a—oo 9 o 09
0
4206.
z 1
1
—dx = [2Vx] =2
| Fex =12,
0
4207.
3
2
0 1 2 I; 4 ) 5
w
) ) 41Y 4
lim | —dx=Ilim|—-—| =—=4=>a=1
w—o00 X W—00 X a a
a
4208.
w
] 1 1 1
Jm | edx = lim | = 1xk‘1]1 -
1
4209.
5 5
) ) 4 —_ 4124
V=fn(2x)dx=4nfxdx=?[x =5~
1 1

Volymen kallas en stympad kon.

4212.



4213. Volymen &r den som i vinsterkant begrinsas av x = 2.

w 2 w

1
V = lim n(—) dx = lim —dx——hm[ ] =
w— oo xVx woowo | x3 2 w—oo
2

4214. Volymen &r den som i vinsterkant begrénsas av x = 2.

. . 17
V=Ml/1_r)rgofm=nv}’1_r)rgox_1]w=nv.e.
2

4215. a)
[t
lim dx = hm [In|x|]} divergent = oanligt mycket farg!
W—00
1
b)
w
1
lim [ m—dx =m lim [ ] = v.e.farg.
w—0oo X w-oo X1,
1
4216.
2 7 9 1
fn(x+1)dx=n—+x =n<—+3——+1)=8nv.e.
2 2 2
-1 -1
4217.
a
f (x + 1dx = x2+ a_ a2+ 1+1 =16
(x x=ml—+x| =m{+a-—c =16m
_1 -
a? 1
7+a—§+1=16=>a2+2a—31=0
a=-1+V1+31-1+V32=4V2-1%47
4218. a)
2
f 10e7%5dt = 10-2[e7 %)) =201 —e ) =~ 126 g
0
b)20 g
4219.
w
lim | 100e~%%¢qt = 2000 lim [e~%%5t]%, = 2000 liter
W—00 wW—o00
0
4220.
w
lim | 2e79925%gx = 80 lim [e~0025¢]9 = 80
w—00 w—00

0
Den ursprungliga temperaturen var 80°.



4221.

w

lim | 0.001e~%%%%%dyx = Jim [e~0001¢]0 =1

w—o00 w—o00
0
Sannolikheten att den forr eller senare gar sonder = 1.

4222. a)
2 0
szoof a___ 5200[ ! ] = 5200 (1 1) 3500 st
(1+1)2 1+tl, 3/~ S
0
b) 5200 st
4223.
w
lim [ 0.001e~%%%¢dt = 0.02 lim [e~%%5t]%, = 0.02 g
WwW—00 WwW—00

0
Facit svarar ug, troligen skulle det varit ug i uppgiften.

4224,
i(t) =4.41-107°-0.956 = 4.41 - 1075 - ¢tln0.956
[ 4.41-107° -
= . -5 tln0.956 = " [,tln0.956 _
o = 4410 f efn?Rde = S5 gse 1€l =
0
_4.41-10-5( b — 098 mC
~ In0.956 = UrJem
4225. a)
R R
dr 11Ri
fF(r)dr =6.672-10"""M -m fr_z =6.672" 10-11M-mH =
Rj R; R
1 1
=6.672-10°1M -m|(——-=] =
R, R

=6.672-10711-.59735-10%*- 15 000( ) ~ 1.47 G]

637106 6.38-10°
Energin som krivs att lyfta 15 ton 10 km ut fran jordens yta.

b) Cirka 940 GJ for att lyfta 15 ton bort frén jordens gravitationsfilt.

2
x%+3 3 10—x 10 x 5 1 x(x+2)+1 x(x+2) 1 1
4301 a) 2 =14+ = o= L2 = +t——=x+—
x2 x2 2x 2x  2x  x 2 x+2 x+2 x+2 x+2
X x+4—4 x+4 4 4 X x—=7+7 x=7 7
4302.2) —— = S G S . b) 2 = T 7 g4
x+4 xX+4 x+4  x+4 x+4 x=7 x—7 x— x=7 x—7
x x+1-1 x+1 1 1 x x—5+5 x-5 5
4303.2) = = a1 b) % = _*5,5 _ 4,45
x+1 x+1 x+1 x+1 x+1 x—=5 x-5 x— x—=5 x—=5
o) = x+8-8 _x+8 8 8
x+8  x+8  x+8 x+8 x+8
1 a b a(t+1) bt at+a+bt a=1 1 1
4304. =4+ —= = = -
t(t+1) ¢t t+1  t(t+1)  (t+1)t t(t+1) bh=-1 t t+1



4305.

4306. a)

b)

4307. a)

b)

4308.

4309. a)

b)

3x _a N b alx—1) N b(x + 2) B
x+2)x—-1) x+2 x-1 x+2)x-1) @+2)x-1)
alx—1)+b(x+2 = = 2 1

:( )+ b( )={ a+b 3}:>{b 1_ 4
x+2)x—-1) —a+2b=0 a=2 x+2 x-1
x+1_x+1+1—1_x+2—1_x+2 1 _ 1
x+2 x+2 T ox+2  x+2 x+2 x+2
x—2_x—2+3—3_x+1—3_x+1 3 _ 3
x+1 x+1 T ox+1 x+1 x+1 x+1
x+1_x+1—4+4_x—3+ 4 14 4
x—3 x—3 T x—-3 x-3 x—3
x+1 a b alx—1) b(x —2)

G-DG-1 =2 %<1 G-Dx-D  G-Dax-D_

=a(x—1)+b(x—2)_{ a+b=1:>b=—2}=

x-2)x—1)  “a-2b=1 "a=3
3 2
T x—-2 x-1
4 a b _a(x—4) bx _a(x—4)+bx_

x(x—4)=;+x—4_x(x—4) x(x—4) x(x—4)

_(e=1)- 11

b=1 x—4 x

2x +5 2x + 5 a b _a(x—5)+bx:{a+b=2 a=—

x2—5x=x(x—5)=;+x—5_ x(x —5) a=—1=>b=3

1}=

_ 3

x—-5 «x
1-x  a N b _a(x+2)+b_{a=_1}_ 3 1
(x+2)?2 x+2 (x+2)2 (x+22  W=3J)J (x+2?2 x+2

b a b a+b(x—1 = 1 1

x—-1)2 ((x-1)2 x-1 (x —1)2 a=1 (x—1)2 x-
x+3  a N b _a+b(x—1)_{b=1}_ 4 N 1
x—-1)2 (x-12 x-1 (x-12  la=4" (x-1)2 x-1



4310. a)

3 3
3x + x? x2]? 9 1
f dx=f3+xdx= 3x+—| =94+=-—-3—-—==10
x 2 2 2
1 1 1
b)
2 2
2+ x 2
f " dx=f;+1=[Nnx+ﬂ%=2m2+2—2m1—1=2m2+1
1 1
4311. a)
X x+2 2
f dx=f - dx=x—2Inlx+2|+C
x+2 x+2 x+2
b)
f ad d —fx_2+ 2 dx = x + 21n| 2|+ C
x—2 x= x—2 x-—2 x=x X
4312. a)
3
f 1 A B Ax+1)+Bx 4=1
——dx =|—+ = = =
x(x + 1) x x+1 x(x+ 1) B=-1
2
3
—fl dx = [In|x|] —In|x + 1]]3 =In3 —In4 12+13—19
= xx+1x_ n|x nlx 5=1In n n n—n8
2
b)

f 1 ci_[A LB _AG-D+BG-D _ a+p=0_a=--1]_
_1(x—1)(x—2)x_x—1 x—2 (x-Dx-2) —24—-B=1_B=1

0

1 1 4
=f - dx =[In|]x — 2| —In|]x —1]]°, =In2—-In1-In3+In2=In=
x—2 x-—1 3
21
4313.
1
x+4 A B A(x+1)+B(x—2) A+B=1 A=2
—  __dx= + = = = =
(x—2)(x+1) x—2 x+1 x—2)(x+1) A—2B=4 B=-1
0

1
2 1
_ _ _ o 1 _ L _
_fx—z % =[2Inlx =2 =Inlx +1[] = 2In1~In2~2In2+In1
0

=-3In2=-2.1

4314. a)

2
f dx=2In|x+2|+C
x+2



b)

x(x +2) dx =

f 2 f 2 A B Ax+2)+Bx pA=1
————dx = -+ = =
x?% + 2x x x+2 x(x + 2) B=-1

1 1
f—— dx =In|lx|=In|lx+ 2|+ C
x x+2

X x+1 1
f dx=f — dx=x—In|lx+1|+C

x+1 x+1 x+1
d)
2x 2x — 4 4 4
f dx=f + dx=f2+ dx =2x+4Inlx—-2|+C
x—2 x—2 x—2 x—2
4315.
e+4 e+4
X x—4 4
f dx=f + dx =[x +4Inlx —4|]¢** =e+4+4-5=e+3
x—4 x—4 x-—4
5 5
4316. a)
2x + 1 A B Ax+2)+B(x—-1) 4=1
dx = + = > =
(x—1D(x+2) x—1 x+2 (x—1Dx+2) B=1
1 1
=f + dx=In|x—1|+In|lx+ 2|+ C
x—1 x+2
b)
2x 2x A B Al(x+2)+B A=2
f—dx=f—dx= + = = =
x2+4x + 4 (x + 2)2 x+2 (x+2)2 (x + 2)2 B=—-4
—fz + d—21|+2|+4+C
T x4+2 (x+2)2 x=emx x+2
9)
f 2x+1 dy = 2x +1 dx =
x2+x—6 x= x+3)(x—-2) x=
A N B A(x—2)+ B(x + 3) A+B =2 A=1
= = = = =
x+3 x-2 (x+3)(x—2) —2A+3B=1 B=1
1 1
=f + dx=In|x+3|+Injlx=-2|+C
x+3 x-—-2
d)

f 4x 4 A N B Al-2x)+B 4=
_— = = = =
1-202 " T |T-2x T (=202 (1-2x)2 B =2

1 1 1
=2 - dx = +1n|1 —2x| +C
f(l—Zx)Z T 220X =T, TInlt — 2|

4317.



x+3 B A B _A+B(x—1) A=4|_
f(x—1)2 _[(x—1)2+x—1_ (x — 1)2 :>B=1]‘

—f * +1d—[4+1| 1|]5—
T (x-1D%2 x-1 = 1—x mx -
2

4 4
—+4+In4——-In1=3+1n4

—4 —1
4318.
1
x+4 B A(x+2)+B(x+1) {A+B=1 {A=3 _
(x+1)(x+2) x+1 x+2 (x+1D(x+2) 2A+B=4 \B==-2|"
z 3
fx+1 dx=[31n|x+1|—21n|x+2|](1)=
0

32
=[3In2—2In3—-3In1+ 21ln2] =51n2—21n3=ln?

4319.
e
x+4 A B A(x+1) + Bx A=4
f— X =1—++ = :}{ =
x(x + 1) x x+1 x(x +1) B=-3
1 e
4
f;— dx = [4In|x| = 3In|x + 1] ]§ =
1
=[4lne—3In(e+1)—4In1+3In2] =4 —-3In(e+ 1)+ 3In2 =
2
=4+3In
e+1
4320.

2x

1dx= [In|]x? —1]]3 =In15—1n3 =In5 a.e.
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&
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= =1
4321.a)fxsinxdx={ ,f X f }=—xcosx+fcosxdx=—xcosx+sinx+C
g =sinx g=—cosx

bf 2 d _ f=x f,=1 _1 in 2 1f in?2 d —
) J xcos2xdx = g = cos 2x g=lsin2x =Sxsin2x — - ] sin2x dx =
12 1
=§xsin2x+zc052x+(}
[ xe%S¥dx = f=x f'= = 2xe05% _ 2 [ 05y = 2xe05Y — 4605% 4 ¢
c) ) xe x = gl = e0S% g = 2¢05%f = xe —2)e x = 2xe —4e +

2x f=x+1l fi=1 1o2x _ 1 2x
d) [(x + e dx={g,:ez,c g:%er}=(x+1)Ee —-Je*¥dx =

= (x+ 1)1e2x _ler +C= xler +1e2x +C
2 4 2 4

4325.

1
— 1= 1
flnxdx=f1-lnxdx= f=Inx f x =x1nx—fx;dx=xlnx—x+(]

g=1 g=x
f=lx f'=2 1 1,01 1 1
4326.a) [ xInxdx = or=-xfInx —S[ox?dx =Sx?Inx — = [xdx =
g =x g=1ix? 2 27 % 2 2
! 2] ! 2+C—xz(21 x| -1 +C
=5x*Inx—_x = 2Inlx

b) [In2xdx = [(In2 +Inx)dx =xIn2+xlnx —x+C =x1In [2x| + C
¢) [Inx?dx =2 fInxdx = 2(xIn|x| —x) + C

4327.
2

x2 2 22 12
fxlnxdx ={4326 a)} = [Z(Z In|x| — 1)] = 7(2 In|2| — 1) — (I(Z In|1| — 1)) =
1 1

i omz-D+iz2m2->
Bk g - cMeTy
1
f=Inx == e
4328. ) [*x2Inxdx = S R LESVE [ x%dx =
1 g =x? g—1x3 3 1 371
3
Ine In1 1 e 1
=(Fet -5 1) gl = -5 D =get+5

b) flexz Inx?dx = flexZZInx dx = 2 - {svareti4328 a)} = %(2e3 +1)
¢) flelen%dx = —flexz Inxdx = —1-{svareti4328 a)} = —§(293 +1)

4329. a)



— 42 [
fxz sinx dx = {g’_—xsinx gg—ziosx} = —x? cosx+2fxcosxdx =
= ,=1
={grf_ c:sx gf_ sinx}: —xzcosx+2<xsinx—fsinxdx)+C=

= —x?cosx + 2(xsinx + cosx) + C

b)
2 [ x?
fxzezxdx = {f, x o 1 Zx} =7ezx——f2xezxdx =
g'=e” g=ce
2
l: 1 2
f=x f X, x .. 11,
={gr=ezx g=1em "2 “- (G -z ) ) =
2
=x7ezx—§e2x+—e2x+C
c)
= 3 ’: 2 = 2 ,=2
fx3exdx = {{;: _xex g_ :’xx }=x3ex—3fxzexdx = {g' _xex ];_ exx} =
=x3e* — 3<xzex — foexdx) = x3e* — 3x%e¥ + 6fxexdx =
= ,= 1
={§, _xex ];_ ex}=x3ex—3xzex+6<xex—fexdx) =
= x3e* — 3x%e* + 6xe* — 6e* + C
4330.
— X I X
fexsinxdx={ f F.J fr=e }=—excosx+fexcosxdx=
g' =sinx g=—cosx
— pX I — X
={ ,f ¢ f .e }=—excosx+exsinx—fexsinxdx:o
g ' =cosx g=sinx
fexsinxdx=ex(sinx—cosx)—fexsinxdx::o
1
fexsinxdx=Eex(sinx—cosx)+C
4405.

5 31°
3 3 9 4 2 9 \2

= = x2 = 1 — d = —r— <1 —) =

y=xVx=x2 >y 2\/x=>f’ +4xx 93 +4x

0 0

8 <1+45)2 . I (7)3 ) _73—8_343—8_3351
=27 4 ~27\\2 TT27 T T 27 T a7 v®




4406.
i _ 8 4 —
>y (x)—m(x — 2x +1)—

Test4
1.
(2 o |
f e—xdx = Ml/l_r& 2e %dx = ZMI/I_I)’IgO[e_x]eV =2
0 0
2.
y = (x% +sinx)® = y (x) = 3(x2 + sinx)%(2x + cos x)
3.
(x—1D?*+@y-1?=2=22(1—-x)+2( —1)d—y—0:>d—y—1_x ’(00)——1
Y B Y dx dx_y—l'y S

.\l

0 1/ 3

w

f 2e7%%dx = lim | 2e7%2dx = 2 lim [5e7%?]}, = 10 a.e.
w—00 w—00
0 0



dy dy 8
2 — —_—= _ = =
y —16x:>2ydx 16:>dx 5
a)y'(4)=§=1 b)y=4+x )y = —4 — x (symmetriskil)
6.
f \
13 25 ) 25 %,\
22225 sty 0D o X 4 43) s y) = 42
XY= Aoy XTeYiax dx y' '~ Y =23
7.
X _x+4—4_x+4+ —4 _1 4
x+4 x+4  x+4 x+4 x+ 4
8. a)
2x —3 2x 3 3
f dx = ———dfo——dx=2x—31n|x|+C
x X x X
b)

5x + 2 B Ax—2)+B(x+1)
(x+1)(x—2)dx:fx+1+x—2dx:f G+ Dx—2)

={ A+B:5:>3A:3}=f 1 + Y dx

—2A+B =2 B=4 x+1 x-—2
9.a)
1 1
foexdx={g}j:;cx Z]C:ex}=2[xex](1)—2fexdx=2e—2[ex]$=2e—2(e—1) =2
0 0
b)

f=x fl=1 3 3
}=5[xc052x]2/4+§f cos 2x dx =

3xsin2xdx = {
0

o\i
N

g =sin2x g= —ECOSZX

3 3 3
=5(0-0) +Z[sin2x]g/4 =7

10.



11. a)

b)

L]

X

112
dx=8[—] =4
X1




12.

e

1
f(x) =Inx f'(x)=; x4 1 1
fx3lnxdx= (= Zlnx _Zf 4;dx=
1 g =x* gl=— ol
_e4 1f 34 _e4 1[4]6_94 (et 1)_3e4+1
T ) YT T 1T T 16 ~ 16
0
13. ]
f 4 d _47‘[ 1 ]O_4n
CREVIAANE N (CESVE N
0
14.
LA o dv v
=—7

> —=4nr’=>dr=——=——~0.075d i
3 ar = T T a2 T e m/min



Kapitel 4 Blandade uppgifter

3.
n n
li J‘3dx 31 f Zd 3-=1i [ 2] =2
m = m X X = —lmx
n—-oo .X'Z\/} n—oo 3 n-ow
1 1
4,
d d dy
- 2 2y — A
dx(Z(x+2) + y?) dx(4)=>4(x+2)+2ydx 0=
dy 2(x+2)
2 "(=2) =0
e = y'(-2)
5.
d d dy dy x
(24 = — () D2+ 2y =0 2=y (D) =—-1>y=2—
dx(x +y°) dx()=> x+2y = y=>y() >y x
6.
2x  2x+6-6 2x+6 6 6
x+3  x+3 T x+4+3 x+4+3 x+3
7.
r_4 hA = 2:>d _ :>dA_dAdr_dAdr ) dr_
dat AT g T T e T dtdr  drde . S de

=2m-20-4=160m ~ 500 cm?/s = 5dm3/s

8. Konens volym ér:

V_hb_hrrr _q h=3r) = h3 dV nhz
~ 3773 MENA =S =57 2~ 9

dh  dhdV dhdV /dv\"'dV 9 dV 9
— = —( ) =——=—-1.5 = 4.8 cm/min

dt  dtdV  dvdt \dh/ dt mh?dt m3?
9.a)
5
y = (e"2 +x2) >y = 5(e"2 + xZ)L}(er"2 +2x) = 10x(e"2 + 962)4(6"2 +1)
b)
B 5 , _ 5(=2)(—sinx —3x?) 10(sinx + 3x?)
Y= (cosx — x3)2 B (cosx — x3)3 "~ (cosx — x3)3
10. a)
dy dy dy 2x
2 - — = _= =
x2+y+y? 1:>2x+d +2ydx 0:>dx 1+2y

b)



11.

12. a)

b)

13.a)

b)

14. a)

b)

15.

d dy dy y
2. 2_4:0’_:>2 . 2 22 _:O:_:__
Y dx Xyt x ydx dx X
® -1
V= f me 20t Ddy = 1 Ee‘z("“)] = g v.e.
_1 *®
5x A B Alx+4)+Bkx-1)

G-D@E+4 x-1 x+2 G-Dx+4)

{A+B=5:>{A=1} 1 N 4

4A—-B =0 B =4 x—1 x+4
5 __A B _AG+H+BG-1) _
x-Dx+4) x—-1 x+4  (-Dx+4)
:{A+B=0:>{A=1 }: 1
4A—-B =5 B=-1 x—1 x+4+4

J‘ X d—fx+4_4d _J‘x+4 4 dx =
x+4 = x+ 4 = x+4 x+4+4 =

4
=f1— dx=x—4In|x+4|+C
x+4

J‘x+2d _J‘x+4—2d _J‘x+4 2 dx =
x+4 = x+ 4 = x+4 x+4+4 =

2
=f1— dx=x—-2In|lx+4|+C
x+4

: 0
f=x [ =1 1,1% 1,
2xe**dx =<", . 1, =2[xze"] -2 Eexdx=

g =e g=—e 0

2 0
e e e 1 1
—_ _ _ 2x0.5=___ —__Z
2 2l =575+573

]

x2+9

f 2 dx=[2\/x2—+9]z=2(\/42+9—\/02+9)=

=2(5-3)=4



w

V= f e 2Xldx = 21 lim f e %*dx = 2m lim —e‘zx] =mv.e.
w—00 WwW—00 2 w

0

16.
_1l x2 () 1 1 x2
y==Inx =>y y 2377
x?2 1
f 1+(y)2dx_f /42+ +—x_f /2— )
e
_1[ 1, d l +x 1+e
—2 .X' x-2 nx 2 4
1
17.
cmz_dA_dAdr_dAdr_d( 2)dr g dr 42 em? /mi
min - dt - dedr - ardc - ar ) gp = 8mr gy = 42 cm”/min
dV_dVdr_dVdr_d 4rtr3\ dr _ . dr
G did wa @\ 3 Jas
Men da:
dr_42 av 4 dr_4 5 — 21y = 257 _
dt_8T[T':dt_ T[r dt_ nr 87'[7"_ r= cm /mln
18.
_x3+1 A | ()2 x4 1+1
Y= %7V T T 2TV T T2 T e
4 4
s—f AN —f * ol
- 16 2 ™7 ) (1672 k2T
1 1

Omfangsrika uppgifter

(sid 190 ff)

1.

A:fje¥dx=[e]{=1-e" ~ 063

1+e

B: fo — xdx =[In(1+eM)]i=In(1+e)—In(1+1) = In—=~ 0.62

C: f_olexcos(ex)dx = [sin(e*)]%; = sin(1) — sin(e™?!) ~ 0.48



d
dx

S 242y Z =02 =-2=—2i43)

2 2 _
2.x°+y* =25, Tx

For att hitta var tangenten skér x-axeln kan m hittas:

Eller, kanske enklare, dr att inse att de bada trianglarna &r kongruenta 3, 4, 5-trianglar. Detta gor att
den stora triangelns 3-sida sammanfaller med den lilla triangelns 4 sida. Detta ger samma svar som
ovan. Och man slipper den implicita deriveringen!

18.
4 1
dy A B A(N —y) + By N
——— —=kdt=>d <—+ )=kdt=>d—=kdt= =
y(N—y) YOTN= YTy =) gL
N
1d <1+ ! ) kdt = {int bada sidor} 1(1 In(N—-y))=kt+C
— — = = = — — — =
N y y N—y integrera pada sidor N ny n y
y y
In =Nkt+0C) = =eN(kt+C):>y=NeN(kt+C)_yeN(kt+C):>
N — N —

N(kt+ Nkt N Nkt
NeNkt+0) NelNktgNC NeNk

t) = = =
y( ) 1+ eN(kt+C) 14+ etheNC Cl + eth

3 3 _ 4a..3 3 _ 2 24y _ dy
19.a) x> + y° = 3xy, dx(x +y° = 3xy) = 3x° + 3y dx—3y+3xdy

dy 5 5 dy x%-y

—— — — — = - = —"

dx(x Y dx x—y?

=0 x =132

—=0dax’=y=>x3+ 6=33=>{x h

Ix ax*=y=>x+x x y=0°° = Va
ay _ 2 — 2 643 _n2,3X=0 x =4

b)dx_oodax—y dvsy® +y° =3y :{y=00Ch{y=§/§

3t 3t?

3,3 _ 34 13,3 =3t =30
)x*+y’=3xy=>x"+t°x" =3xtx S x =175V =15

t+ -1

20. Produkten av avstanden till (—a, 0) och (a, 0) fas som:

\/(x_(_a))z +y2Ja -t +y2=a=
(x+a)? +y)((x-a)* +y*) =a* >

(x2+2xa+a?+y?)(x?—2xa+a’+y?)=a*>



x* —x32a + x%a® + x?y? +
2ax3 — 4x%a® + 2xa® + 2xay® +
a’x? — 2xa® + a* + a?y? +
y?x? — 2xay? + a’y? + y* = a*

x* + 2x%y? + y* = 2x%a% - 2a%y? >

(x%+y?)? = 2a?(x%? — y?) VSV
b)
d d
L 240212 = L 0p2(52 — 2
dx(x+y) I a“(x* —y°)
d d
2(x%+y?) <2x + 2y %) = 2a? <2x — Zy%)

dy

dy
x(x%+y?) + y(x2+y2)a = a’x —a’y X

dy dy
y(x2+y2)a + azya = a’x — x(x%+y?)

d
%(azy +y(x2+y?)) = a?x — x(x2+y?)

d
% = 0d3 a’x = x(x?+y?) > x2+y? = a?

Uttrycket &r en cirkel med mittpunkt i origo och radie a, dvs 4.

x=iZ\/§
y =12

21. Personen befinner sig pa avstdndet V20 km frén fyren. Kdglan roterar ett varv pa 20 s.

x2=42—22:{

Kéglans hastighet torde bli:

_ 2720
20

v ~ 1.4 km/s

(Facit ger 3.1 km/s, oklart varfor.)



En intressant integral, Gaussklockan:

I = fe‘xzdx
Lat oss se om vi kan hitta I?:
o) 2 o) 0 o o
12 =<fe_x2dx> = fe_xzdx fe‘yzdyz f fe‘yzdye‘xzdx:
© o dydx = pd(pdp © 27
2 2 2
- Oy de = X =00 L [ [ =
ffe dy dx 0<¢p<2n e pdp de
—00 —00 0 < 0 < oo 0 0
1. 50 2
=2mole”| =m=1= [ e dx =V
Talkodning:
10 10
sw(n) = s(n) + Z aiyis(n —i) — Z aiyisy(n—1i), n=0-L—-1
i=1 i=1

sw(m) = s(n) + a;y;s(n — 1) + - +a,0yi°%s(n — 10)

- (alyzsw(n — 1)+ -+ agoy; sw(n — 10))

sy() =s(m) +a;09;s(n—1) + - +a,70.9%(n — 10)

—(a,0.6s,,(n — 1) + - + a;,0.6'%s,,(n — 10))



40
D= Z(x(n) —gx(n— L))2 = Z x(n)? — ZgZ x(m)x(n—1) + Z g*x*(n—1L)
n=1

?)_gz —ZZx(n)x(n—L)+2gzx2(n—L) =0

B Yx(m)x(n—1L)
~ Xx?(n-1L)

D=) ¥ -2g ) xwx(n-L)+ ) gx’(n—1)=

[Zxmx(—L)?  [Lx()x(n—L)
=) ¥ -2 20 =D ST ] > xtm-1) =

Zxm)x(n—L)]* [Zx(m)x(n—L)]?
=Zx2<">—2 S0 | Sam-1)

_ Z ¥2(n) — [Xx()x(n — L)]?
- Yx*(n—1L)

Testa4l < L <169



