Matematik 5 svar

Kapitel 3

31013)3”(95) = —2x=>y(x) = —xz +C

x3  x?
b)y’(x)=X2—X+1:y(x)=?_?+x+c

3
Oy ~x 42205y =522 y(0 =2 204 C
4

O3y —x+xi=1ay =22 +22y@) =x> -5 +2x +C
)y () =r=4e" 2 y(x) = -2 +C=——+C

Dy'(x) = 2cos§ = y(x) = 4sin§+ c

2
3102.2) y"(x) = -3x+1=>y'(x) = —gxz +x+C=>ykx) = —%x3 +%+Cx+D

b)y"'(x)=0=2y'x)=C=ykx)=Cx+D
0)y'(x) =8e** = y'(x) =4e** +C > y(x) = 2e** + Cx+ D

d)y"(x) = —4sinx = y'(x) =4cosx +C = y(x) = 4sinx +Cx+D

&)y () = 18X = 18x™/? = y' (1) = 12x*> + € 3 y(0) =5 x°/? + Cx + D

) y"(x) =L =x2 >y'(x) = —%+C = y(x)=—In|x|+Cx+D

x2

3103.0) 2 = 2x 5 y(x) = 2%+ C

dy _ 2 -
o) =7=>y() =2In|t[+C



d)Z—Z=4sin2t=>y(x)=—2cosZt+C
3104.a) y'(x) =2=>y(x) =2x+Cochy(3) =10 => y(x) =2x + 4
b)y'(x) =4x+3=>y(x) =2x2+3x+Cochy(1) =10= y(x) =2x2+3x+5
Oy (x)=e*+1=2ykx)=e*+x+Cochy(l)=e=>yx)=e*+x—-1
d) y'(x) = cosx —sinx = y(x) =sinx +cosx + Cochy(0) =1
= y(x) = sinx + cosx
e)y'(x)=0=2>y'(x) =C=y(x)=Cx+Dochy(0)=3,y(1) =5
= y(x) =2x+3
Ny"x)=2=>y'(x)=2x+C=>y(x)=x>+Cx+Dochy(0)=1,y'(3) =4
Syx)=x*-2x+1
3105.y(x) =1+ cosx = y'(x) = —sinx
y' cosx + ysinx = —sinx cosx + (1 + cos x) sinx = sinx VSV
3106. y(x) =x—1+Ce™*=>y'(x) =1—-Ce™
x—y=x—(x—-1+Ce™*)=1-Ce™* =y'(x)
3107.y(x) = 2x +1=>y(x) =x +x+Cmeny(2) =1=>y(x) =x?+x -5
3108. y'(x) =2e* = y(x) =2e*+Cmeny(1) =2=2e+C=2e+2—2e=
y(x) =2e* —2e+2
3110. y'(x) =sinx 2 y(x) = —cosx + C,y(2n) =C —cos2n =4=>C =5
Svar: y(x) =5 — cosx

3111.
y'(x) = 2e* + e*/? = y(x) = 2e* + 2e*/? + C

y(2) —y(1) = 2e? + 2e + C — 2e — 2+/Je — C—= 2e? — 2+/e

3112.2) Y (VX +1 =02 y'(x) = —%:y(x) =-2Vx+Cy#) =0=>C=4
Svar: y(x) = 4 — 2+/x

by x)e* =4y (x) =4 >y(x)=-2e"2*+C,y(0)=0=>C=2



Svar: y(x) =2 — 2e™%*
)y'(x) =12x24+8=>y'(x) =4x3+8x+C; > y(x) = x* + 4x2 + Cix + C,

{ 2=0C, :{szz
10=1+4+C+C, ¢, =3

Svar: y(x) = x* + 4x% + 3x + 2

Dy'xX)=x?22y'(x)=—x14+C,yD)=-1>C=0>y"(x) = —x!
yx)=—-Inx+C,,y(1)=4=>C, =4

Svar: y(x) =4 —Inx

3113.y(x) =2x+3=>y'(x) = 2,y(0) =3

3114 y(x) =x3+3x+7=>y'(x) =3x2 +3 = y"(x) = 6x = f(x)

3115.2) y'(x) = 2x + 1 = y(x) = x? + x + C vidare giller

2=12+14C=>C=0>y(x) =x?+x

b)




3116.y(0) = 0ochy’'(0) =4

y'(@)=2=2y(x)=2x+A=2x+4=>y(x)=x*+4x+B =x%+ 4x

A

3201.a) y'(x) + 3y(x) =0 = y(x) = Ce™3¥
b) y'(x) — 5y(x) = 0= y(x) = Ce5*
)Y () +2=0=y(x) = Ce ™/

d)2y'(x) + 10y(x) = 0= y'(x) + 5y(x) = 0 = y(x) = Ce™>*

3202.2) y'(x) — 3y(x) = 0 = y(x) = Ce3*, y(0) = 10 = y(x) = e3*

b)y'(x) + 1.8y(x) = 0 = y(x) = Ce 8%, y(0) = -2 = y(x) = —2e718%

©)2y'(x) + 6y(x) =0=y'(x) +3y(x) = 0= y(x) = Ce™*,y(1) =3 =
y(1) =Ce™3 =3 = C =3e® = y(x) = 3e3e73% = 3e373%

d) 1.2y(x) = 0.8y'(x) = 0.8y'(x) — 1.2y(x) = 0 = y'(x) — 1L.5y(x) = 0 =

y(x) = Ce'™,y(1) = e > Ce'® = e = y(x) = e5¥705
3203. y'(x) + 3y(x) = 0 = y(x) = Ce™3%,y(0) = 2 = y(x) = 2¢~3*
Ly (x) = —6e73% = y'(0) = —6

3204. a)
N'(t) = 0.9N(t) = N(t) = Ce®%t



b) N(0) =2 = N(t) = 2¢%°%
¢))N(B)=10=>10=Ce®? = =10-e7*> = N(t) = 10- e *5%9% = 10 - 09¢~45
3205.a) y(x) = Ce™2* = {y(0) = 4} = 4e™ ¥

y'(x) = —8e72* = y'(0) = —8

b) ¥'(=1) = —8e?

3206. a) y(x) = 4y'(x) = y(x) = Ceg ochy(0) =3=ykx) = 3e% ochy'(x) = zef

3
’O =k=—
y'(0) 2

b)Anvéindenpunktsformel:y—3-e=%-e(x—4)=%e-x—3e=>y=ze-x

hos
7,5

12,5

3207.
y(x) = 2e73*xy'(x) = —6e™3*

Ekvationen kan till exempel vara: y'(x) = —3y(x),y(0) = 2

3208.
y'() = 5y(0) = y(2) = Ce*/%,y(0) = 2 = y(x) = 267/°
32009.
4F'(0) = F(x) = f(x) = Ce#, £(0) = 2 = f(x) = 23
3210.

3x

2y'(x) +3y(x) =0=y'(x) +§y(x) =0=>yx)=K-e 2



Dvs bara kurva A och kurva C kan vara 16sningar. I fallet C géller K < 0.
3211.

3212. a)

dN
e kN dvs N(t) = Nyekt

b) N(t) = Noe®>*

In2
c)ed*t =2=¢t=""x13h
0.54

3213. a) ‘;—’Z = N(t) = N(t) = 180 - 207t

1 ;1000 :
b) t = —In—— = 50 min
2.07 180

c¢) da antalet organismer 4r manga i forhéllande till kérlets storlek
3216.2) 55 = —6.93- 103K = K(t) = 0.2e 7693107t M

b) K(400) = 0.2¢~6:93107%400 \[ ~ 0,0125 M

3217.

d
d—{ =—-0.012-y = y(t) = 4.8¢70012¢

3306.
b) v(t) =2 —2e %4, v'(t) = 4e~?%,v(0) = 0 sitt in i ursprunglig ekvation:

4e 2t =4 —-212—-2e7?) =4 — 4+ 4e %t =472

c)Om v(0) = 4 fas v(t) = 2e 2t + 2,

-0,4 04 08 12 16 2 24 28




3401 ypi1 =yn +h-yn
y(1.5) =y(1)+05-3=24+15=35
3406. Anvind excel till att stega med h = —0.1 eller gor en analytisk 16sning.
y'=Inx?=2Inx = y(x) =2(xInx—x)+C
y2)=0=22In2-2)+C=0=>C=4—4In2
y(x) =2(xInx —x) +4—4In2

y(1.7) ~ —0.368



Avsnitt 3.5 Den logistiska tillvixtekvationen och dess 16sning.

, dy
y =ky(M—y)@a=ky(M—y)=>dy=dxky(M—y)=>

d 1 1
ky(M—y—y) =dx & dym(; + M——y) = dx = {integrera bada sidor}
1
m(ln(y) —In(M —y)) =x+Cy, & lnM = = Mkx + C;
y Meka
My~ e ey =M-0Ge" oy = s
3501. a)
y' =0.0625y(150 — y)
b)

y' =0.0625y(150 — y) = 0.0625 - 30 - (150 — 30) = 225 individer/vecka
¢) 120 individer
3502. y" = 0.01y(120 — y)
a) 120 individer
b) Nér populationen nat halva max-vérdet dvs 60 individer.

¢)32 = 0.01y(120 —y) = y2 — 120y + 3200 = 0 = y = 60 + V60% — 3200 = {;’1 ~ gg
) =
3503.y' = 0.004y(500 — y)

a) 500 individer
b) y'(100) = y'(400) = 0.004 - 100(500 — 100) = 160 individer/h
¢) Halva max-populationen dvs 250 st.

d)
5002t

YO =5 em

4807
4007

3201




3504.a) y’' = ky(1800 — y) = 10 = k - 200(1800 — 200) = k = 3.125- 1075 /vecka
b)y’ =3.125-10"°y(1800 — y)

1800e9-056t 1800¢0-056:52 o
c) y(t) = g1g0056 = y(52) = 10005652 ~ 1270 individer

3505.2)y' = 8.5-107%y(¢)(10000 — y(¢)), y(0) = 500 st

10000¢0-085x
19+ ¢0.085x

b) WolframAlpha ger y(x) = = y(50) =~ 7870 st
10000¢0:085%
19+¢0085%

¢)y(x) = =0.9-10000 = x ~ 60 ar

d) y'(10) = 8.5-107°y(10)(10000 — y(10)) ~ 83 st/ar

3507.2)y" = 4-107°y(t)(8000 — y(t))
b) Max tillvéixt fas da y = 4000 = y'(4000) = 64 fiskar/vecka

8000¢0-032t
79+4¢0.032t

o) y(t) = = y(52) =~ 500 fiskar
3508.2) N'(t) = 4.5 107*N(¢)(400 — N(¢))
b) Max tillvéxt fas vid halv maxpopulationen N(t) = 200

400e0-18¢

) 40 = —77 = 40(19 + e%185) = 400e%18¢ = 19 + €218 = 10e%18¢ = t ~ 4 minader
19+e0

3509.

a)y' = 0.007y(£)(200 — y(¢)),y(0) = 30 st

b) WolframAlpha ger:
) = 200e14x
Y =567+ ethx
d)
_ 200e14x
lim ————— =200

x—0 5,67 + el4*



3510. y(0) = 65,y(1) = 98 och y(2) = 142

y' =ky(M—y)

Meax
b+edx

Losningen ér av formen: y(x) =

Med WolframAlpha:
solve m/(b+1)=65 and mexp(a)/(b+exp(a))=98 and mexp(2a)/(b+exp(2a))=142

. . 213 7029 8134
far man direkt a = In (—) b =——=o0chM =— dvs
130 1105 17

4786’“"%
yx) * —————53
6.4 + e*"130

For att hitta £,

d Me%™ Meax( Meax)
dy b+ed* " p+eax b+edx

d (Me™ (b + ¢™)1) = k Med* u Me%*
dy € ¢ T T h+4eax b+ ed*

b+ edx _b+eax

aeax eax Meax eax
1- =k 1- =
b + e b + e b + e b + e

R N
_M_8134n( )~' ar

Meax Meax
M(ae® (b + e%*) ! — e qe®™ (b + %) 2) =k <M >

130
b)
213
478e*"130 213
(x) ¥ —————33 = 300 = 178e""'130 = 300 - 6.4 = x ~ 4.8 4r = 4 4r och 10 man

6.4 + e*"130

C)
213 213
478e*"130 478 e 130 1 218
y(xmaxtillv) = 13 — = =—= 77130 = 6.4 >

xlnz—
6.4+ e"""130

x =3 ar och 9 manader



3601. a)

=-1
F?=2r=-3)e*=r+1)r-3)e*=0 {:1 _3
, =
b)
=7
(r?+12r+35)e™=T+5r+7)e* =0 {:1 _ s
L= —
c)
(r?+8r+16)e™ = +4)e™ =0=nr=r,=—4
d)
2 X X rn==5
(re—=25e™* =(r+5)(r—-5e* =0 .=
, =
3602. a)
r2+4r—5 =(r+5)(r—1)=0<=){:1 i;5=>y(x)=Clex+Cze‘5x
, =
b)
r’+6r+9=0+3)2=0=nr=r=-3
c)
= —4
r2+4r=r(r+4)=0=){r1 _
rn=0
d)
2 2 "= —6
2re—=72=2(r*-36)=2(r+6)(r—6) =0 =6
, =
3603.y" +4y' +4y =0
a)y =Ce ?*,y' = =2Ce %, y'' = 4Ce % =
4Ce™2* —8Ce ™ * +4Ce™?* =0
b)y = Cxe ?*,y' = Ce™?* — 2Cxe™%*, y'' = —2Ce™%* — 2C(e™%* — 2xe™?*) =

= —4Ce ¥ + 4Cxe™%* = (—4Ce™%* + 4Cxe™?*) + 4(Ce™%* — 2Cxe™%*) + 4Cxe™2* =

= —4Ce™%* + 4Cxe™?* + 4Ce™2* — 8Cxe 2* + 4Cxe ™ 2* =0



3604.
Ar’4+r—2=0=>r=-14++v225=-05+15 ={_12=>y(x) = C,e* + C,e™%*

0.8

b)r2 +02r—08=0=7=-01+09={"]

= y(x) = C,e%8* + (e

Q)32 —6r=0=r= {g = y(x) = Ce?* + C,e% = C e + C,

d)r2—12r+036=(1—-06)2=0=>7r=0.6 = y(x) = C,e%%* + C,xe%*
e)r?+2r+5=0=>r=-142i= y(x) = e *(C, sin 2x + C, cos 2x)
Dr2+4r+8=0=>r=-242i= y(x) = e ?*(C, sin 2x + C, cos 2x)

=11
3605.2) 2r2 —2.4r +0.22 =2(r? = 1.2r +0.11) =0 = {:1 o1
2 — U.
y(x) = €% + Ce’™* = y'(x) = 0.1C,e%%* + 1.1C,et1*

{ C,+C,=0 :{CZ=10
0.1¢; + 1.1C, =10 ~ ¢, = —10

y(x) =10-el1* — 10 - 01%

b) 7%+ 03r +0.02 =0 = r = —0.15 + 0.05 = y(x) = C;e~** + (e~ 0?*
y'(x) = —0.1C;e~%1% — 0.2¢70-2
y""(x) = 0.01C;e %1% + 0.04e~0-2*

{ ~0.1C; —0.2C, = 1

_ ¢, =—20
0.01C, + 0.04C, =0 = 022 =1= {

C,=5
= y(x) = 5e70%* — 20701
O)r’+08r+016=0=>r =1, =—-04= y(x) = C;xe " + C,e 0¥
y(0) =0=C, = 0= y(x) = C;xe 0¥

y'(x) = Cie % — 0.4xC1 e %% = Ce7 0% (1 — 0.4x)
2
y'(1) =Cie7%*(1-04) =Ce™?06=2>C, = ﬁeo"*

10

— = ,04(1-x)
y(x) = S-xe

(Verkar vara fel i facit.)



d)
y'+9y'=0=>1r2+9=0=>7r=43i

Fallet med tvé rent imaginéra rotter till den karakteristiska ekvationen. Enligt formelbadet ar
l6sningen:

y(x) = C;sinrx + C, cosrx meny(0) =0 = C, = 0dvs y(x) = C; sinrx
y' =rC;cosrx meny'(0) =1.5=C; = 0.5 = y(x) = 0.5sin3x
3607. Matas WolframAlpha med: y' + 2y = —5sinx, y(0) = 4 fés direkt:
y(x) = 3e~2* — 2sin(x) + cos(x)

En alternativ vig ar att forst 16sa den partikuljéra differentialekvationen:

Yp = Asinx + Bcosx = y, = Acosx — Bsinx
Insatt ger:

Acosx —Bsinx + 2(Asinx + Bcosx) = —5sinx =

{A+ZB=O :>{A=—2

—B + 24 =-5 B=1 = yp = —2sinx + cosx

Och sedan behandla den homogena differentialekvationen y;,’ + 2y, = 0 = y, = Ce™?* . Totalt fas:
y(x) = Ce™?* + cosx — 2sinxoch y(0) = 4 = y(x) = 3e™%* + cosx — 2sinx
3608. y' +2y' —8y=0=21r242r—-8=0=>r=-1+V1+8=-1+3
y(x) = Cie?* + C,e™,  y'(x) = 2C,e* — 4C,e™*

{cl+cz=o :){cl+cz=0=>
2C,—4C, =2 | —6C, =2 1

2x _ g—ax)

y() = 5 (e

3609.
y'+04y' +5y=0=>r>+04r+5=0=>r=-02++/022-5=

=—0.2+2.2i = y(t) = Ce%?* - sin2.2t
y = —0.2Ce %2 - sin2.2t — 2.2Ce™%2* - cos2.2t

y'(0)=2=C=-091=y(t) = —091e%2* - sin2.2t



3610.
d?x

W:—Zx:x”+2x=0:r2+2=0=T=i\/§i

Dé sin och cos har samma frekvens ricker det med den ena funktionen. x(0) # 0 ger att vi viljer
cosinus.

x(t) = CcosV2t,x(0) = 5.2 = C = 5.2 = x(t) = 5.2cosV2t
/s
x(t) =Odé\/§t=§:tz 1.1s

3611. a)
Y =—-0.16y = y" +0.16y =0 =72 +0.16 = 0 = r = +0.4i

y(t) = Csin0.4t + 0.075c0s0.4t = y'(t) = 0.4Ccos0.4t — 0.075 - 0.4sin0.4t
y'(0) = 0.03 = 0.4C = 0.03 = C = 0.075

y(t) = 0.075sin0.4t + 0.075c0s0.4t

b) dpax = V0.0752 + 0.075% ~ 0.11 m

3612. Frigan dr nagot felstélld.

Hér &r forst 16sningen om strommen i spolen &r noll fran borjan dvs i;(0) = 0.

s L= 0,i0) = 00chi'(0) = L ~ 337
l Ll LCl— , L =vocni —L~

2+R +1—0=> = R+ (R)Z L 140 + 700j =
T e T T T \en) Tt + 70

i(t) = Ce 0%sin700t = i'(t) = C700e~ 1% cos700t — 140Ce~1*%tsin700t
i’(0) = 337 = 700C = C ~ 0.48
i(t) = 0.48e~10tsin700t A

0281 |

——

104 0 0.004\ 0‘00%‘ 0.012 0.016 0.02 0.024~ 0.028 0.032 0.036
\ /

-0.2%




Nu till 16sningen om spolen &r kopplad parallellt med kondensatorn fran borjan och salunda har en
begynnelsestrom i;(0) = % )

i(t) = Ce 0 cos700t = i(t) = 1.2e~ 4% c0s700t

A

osT |

\

\

\ 0.004 0.008

: N e
Wow 6 0.02 10024 0.028
X
\

0.032 0.036

-0.5T




3701.

a)y' =0.031(27 — y) °/min

b) y'(20) = 0.031(27 — 20) = 0.22 °/min

c) y(t) = 27 — 19¢~0-031t

d) y(£) = 27 = 19e70031t = 22 = 70031 = = 5 ¢ ~ 43 min

3702. a) 50 kg ar tillskottet/ar och 0.1m &r de 10 % av fororeningarna som forsvinner/ar.
b)ym’' =50 — 0.1m = 0.1(500 — m), och m(0) = 850

m(t) = 500 + 350e~01¢

c)m(5) = 500 + 350e7%° ~ 710kg

d) m(o0) = 500 kg

750

5007

25017

3703. y(x) = 100e*/200
y(x) = 100e%/200 = 75 = ¢7%/200 = 0,75 = ¢t = 581

3704.y' = —0.3(y — 22) °/min
y(t) =22 —17e7%3t°C = y(5) ~ 18°C




3705. se exempel 2 sid 143
a) F=am=v’m=mg—kv2$v’=g—%v2=9.82—2v2

22e” =2, .
2.22e8%t-222 222 4.44

28941 : 89t 41

b) Med hjilp av WolframAlpha far vi: v(t) =
2.2 m/s

Ov'(v=0)=g— %vZ(O) =9.82 — 2(0)? = 9.82 m/s?
v'(v=2)=9.82-2(2)% ~ 1.82 m/s?

247

/
0.87 f
/
,/
0.47
0 0.25 0.5 0.75 1 ' 1.25
3706.a) F=am=v'm=—-kv?i=v = —%vz = —20v?
dv dv 1
— =20t e —=-20dte ——=-20t+C
dt v2 v
180
£) = v(0) = 180 = v(t) = ——0
v(® =255 ¢ 'O v = 3500c 1
180
b) (0.001) = -2~ 39 m/s
C)

0 0.0: 0.075 0.1 0.125




3707.2)y" = —0.027(y — (—20)) det dr -20° C.

b) D4 kaffets temperatur nidrmar sig -20° C gar fordndringen mot 0. (En mera realistisk modell tar
hinsyn till 6vergdngen mellan vétska och fruset kaffe, men det ldmnas till kurser i fysik.)

3708.
a) T'(t) = —k(T(t) = T,) = T'(t) = —k(T() — 21), T(t) = 61e™ + 21
T(1)=6le*+21=71=2>k=~02

b) (t) = 61792t + 21 = 45 = t ~ 4.7 min

3709.a) F=am=y'm=mg—ky>=7y' —g__y —982—2312

3x_
! % =9.82 ——y WolframAlpha ger y(t) = 52(;“ ) = y(o0) = 6.52 m/s
-25//
/
3710.
y'(t) =50-0.006 — 25000y(t) =0.3 SOOy(t) = %(150 y(t))

y(t) = 150(1 — e~0:002¢)

x
/o 500 1000 1500 2000 2500 30




3711. a)
da

= —0.6a = a(t) = 24e~06
It a= a(t) e

b)
b'(t) = 0.6a — 0.09bh = 14.4¢=%6t — 0.09h =

b(t) = 28.2(e 7009 —¢~06)

¢) ¢'® = 0.09h(t) = 0.09 - 28.2(e~00% —¢=06t) = ¢(¢) = 2.54 (_0109e-0-°9t—$e-0-6f)

= c(t) = 4.2¢706t — 2827009 4 24

d)

e) a(t) = 24e706t = 282(e 009 —=06t) = p(t) = 52.2e 706t = 28.2e70-0% =
g=06t+INS22 — o=0.09t+In282 o _( 6t 4 In52.2 = —0.09¢t +In28.2 = t = 1.21s
) b(t) = 28.2(e~%09%—¢=061) = p'(t) = 28.2(—0.09¢ %09 +0.6e706t) = 0
= 0.09¢ %% = 0.6e 7% = In0.09 — 0.09t = In0.6 — 0.6t = ¢ ~ 3.72
b(3.72) = 17.2 ug

g) a(5) = 1.19 ug,b(5) ~ 16.6 ug, +c(5) ~ 6.23 ug



Test 3
Sid 149-150

2y’ ==08y ey =-04y=>y(x) =Ce " meny(0) = —4 = y(x) = —4e 04
2. Sok den primitiva funktionen 2 ganger.
y" =12x%y =4x3+Cochy=x*+Cx+D

3. svaren i boken dr inte direkt fel, men underliga. Metoden som anvénds nedan kommer i kapitel 4.

dA  dnr? dr
a)— = = 2nr—
dt dt dt
dA  d4nr? dr
b)—= = 8nr—
dt dt dt
43
av  dzmr dr
c)—=-—=—=4nr’—
dt dt dt
av
d)—=kA
dt

4. Modellen forutsitter exponentiell tillvaxt (ndgot orimligt).

dN 1
— =kN,6 =k-42=> N'(t) ==N(t
n () ==N(®)

y(x) = Ce™3*meny(0) =2 = y(x) = 2e 3* och y'(x) = —6e73%
Detta ger tangentens ekvation: y —2 = —6(x — 0) dvs y = 2 — 6x
6. a)
Z—IZ = 0.017N(t)

b) N(t) = 189 000e°°17t = N(9) = 189 000 - €%°17 ~ 220 000 personer

7. a) Vardeminskningen &r 35 % per ar. (Det dr vért att notera att det inte dr virdeminskningen V (t) =
Vo - 0.65¢ som differentialekvationen totalt beskriver.)

b) V(t) = Vye 035t = V(3) = 420 000353 ~ 147 000 kr



8. Anvind Newton avsvalningslag dir temperaturen borjar i 95 © och svalnar av mot 21 °.

a)

74 74
T(t) =21+ 74e7 % =21 (1 +ﬁe‘kt) och T(5) =21 (1 +—e-k5) =65 =k ~ —0.104

21

b)
T(t) = 21 + 740104 = 45 = t ~ 11 min

11.

F=mra=m-v'=mg—k-v'®=>v' =g——-v¥m/s
m

1

)E ~ 30m/s.

Maximal hastighet fas d& v'(t) = 0 dvs da g = %vl's S Vmax = (%

12. Anvénd den logistiska tillvixtekvationen:
S" =0.003 - S(Smax — S) dar S0 = 100 000

100 000 - €03t 100 000 - e*2

S(t) =
13. Anvind den karakteristiska ekvationen:
y'+4y' —=5=0>1r>+4r-5=0r—-1DT+5)=0>r,=11r=-5=
y(x) = Cie* + C,e™>* = y'(x) = C,e™* — 5C,e~5*
Begynnelsevillkoren ger:
Cl+CZ=0 C2=_4/3 _i -x _ 5%
{cl—sc2 =8:>{c1 —43 Y@ =3 —e™)
14. Det som kravs ar att den karakteristiska ekvationen har rotterna r = 3 och r = —3 dvs:
r-3)r+3)=r2-9=0=>y"-9y=0

15.

) — p () = p(@) = Py e

(Det star fel facit i uppgiften. Det borde statt att trycket faller proportionellt mot trycket (inte
proportionellt mot hojden)).

b) 48.3 = 101.3e7 % = k = 0.148 km™!

¢) 101.3¢7 014885 ~ 28 8 kPa



16.

Meka
y' =kyM —y) © y(x) =T 1 oMix

500060.425t
y' = 0.000085(5000 —y) = y(t) = 75——Gazs
0.85
a)y(2) = i‘;‘f’:o_ss ~ 230 fiskar
5000el”
b) y(4) = ~ 500 fiskar

49+el7

¢) Nér 5000 ar uppnatt ar tillviaxten y' = 0, dvs max 5000 fiskar.

50000425t In 49
S = 2500 = 200425 = 49 4 £0425¢ 5 ¢ = =

B TTTS ~ 9 manader
49+¢0425t 0.425

d)

17.2) v'(t) = === v2(t) = —0.015v2(t)

200
200 = 200/3 67
b) WolframAlpha ger: v(t) = St2000, = t_2%OC1 ,y(0) =35 = v(t) = 0 ¥ s
3 3-35

¢)v(3) = 14 m/s

dDv)=s'(t)=>s(t)=67In(t+1.9)—43>5(3)=67In(3+1.9) —43 ~ 63 m

Blandade uppgifter
Blandade uppgifter sid 151-155
4.y' =y =y(x)=Ce*och=y(0) =3 = y(x) =3e*
5.
dy dy 1

— —y = -y = — 0.5x — 0.5x
de y 0=>dx 24 0 = y(x) = Ce”* och (0,3) ger y(x) = 3e

6. Z—i’ = —2y ger direkt att y(x) = Ce™2* och punkten (1,2) att 2 = Ce™2 dvs C = 2e2.

y(x) =2e%-e7 =227 5y’ = 4.2
Tangenten far beskrivningen: y —2 = —4(x —1) 2>y =—4x+6

7. Anviand den karakteristiska ekvationen:

=2
yu+4y'_12y=0=>r2_|_4r_12=(r+6)(r_2)=0:>{77:1__6
Y =

y(x) = Ae?* + Be™%* = y'(x) = 24e?* — 6Be ™ %* = { A+B=0 {A =3/8

2A—6B =3 B=-3/8



Svar: y(x) = g(ezx — e %)

8.y +3y=0=>y"'=-3yi(0,-2)drk=y'(0) =-3-y=-3(-2) =6.

11.

2y 4oy =0 2 2y =t g
—_y = — = ——
Yy =g ey t2y =

Hogerledets utseende gor att man kan prova med att ansétta:

A B 2A B2 4
2=+ —t+20==-2
x2 x x? x x

4 1
= = = — _—
B =4 y +x

A = godtyckligt A
x2

c=-1
12. y’ _ sin(x) *y = 0ansatty = Ce™C05x yl = Csinx e 5% och y(X) — 8e~COSX

13.f"(x) +9f(x) =0=>1r2+9=0=r=43i = f(x) = Asin3x + B cos 3x

5
f'(x) =3Acos3x —3Bsin3x = B =40chA =3

5 25
f(x) =§sin3x+4cos3x finax(X) = ?4_ 16 = =3

14.y" —4y' +4y =012 —4r + 4 = (r — 2)> = 0 > r = 2, dubbelrot

2 2 _
y(x) = Ae®* + Bxe®* = {ﬁe_ 1‘ Be? =0 y(x) = e?* — xe?* = e?*(1 —x)

1 1
= y'(x) =2e(1—x) —e** =0dax =§’y(_) _

y




15.
5

V14 V14
1400 =900-a* = a =T;N(5) = 900-<T> ~ 2700 st

16. Den logistiska tillvixtekvationen:

Meka
y' =ky(M—-y) e yk) =T ¥ oMkx
.5x
a) I det hér fallet &r: k = 0.003 och M = 500 = y(x) = :gi:sx = y(1) = 42,y(4) ~ 446
’ fl ’ fl
b) y'(1) = 0.003y(1)(500 — y(1)) ~ 58 %ochy (4) ~ 72 d“ygg‘l’f

17. a) 10 % tillvdxt i borjan betyder att y'(0) = 4

y =ky(M —y) © 4 =k-40(400 — 40) = k = 2.8-10™*

b)
y' =2.8-10"*y(400 — y)
c)
400¢°11%
y(X) =W= 300 @ x =~ 30ar

18. a)

dN

— = kN(t

It (®)

b) Om halveringstiden ir 4.5 - 10° &r blir miingden vid tiden ¢:
t
1)4.5-109

N@=%G

+45-10° ~ 12-10° &r

t
0.146 = (1)4.5-109 Lo 1g0.146
T2 ~ 1g0.5



19. ‘;—’; = kP = P(t) = CeXt Fram: 2.5 = 2.8e k16 =k, = —%lng = Prram(20) = 1.9 bar

1. 26
Bak:2.6 = 2.8e %20 = k, = _Elnﬁ = Ppax(20) = 2.2 bar

Skillnaden r: P, (20) — Pgram (20) = 2.8(e2%2 — ¢=20k1) ~ 0.268 bar hogre bak.



20. Ekvationen saknar funktionen y efter faktorn 0.32. S&hir borde den sett ut:

y'+04y' — 032y =0=>r=-02++/0224+032=-02+0.6 = {_0(')48
y(x) = C;e%* + C,e7%8%,y'(x) = 0.4C,e%** — 0.8C,e 98" =

{y(o)=o { C+C=0 :{C1+C2=0:> Ce=-CG =g
y'(0) = -27 1046, -08C, = -2~ 26, =27 ) . __2 _ 5
7120 03

5 5
— _,—08x _ _ ,04x
y() =ze 3¢

21. a) Faktorn (6000 — N) betyder att ju ndrmare populationen kommer 6000 st, desto mindre blir
okningen, dvs tillvéxten stannar av.

b) Tillvaxten &r storst vid halva den maximala populationen dvs da N = 3000.

6000
— —0.04848t _ _ .
3000 = 650001848t 1 | = 6.5e 4+1=2=t=38.6min

22.
a) N'=-179-10"°N(t) = N(t) =2~ 1023¢~179107%t

b)N'(0) = —-1.79-1072-2-10%% =~ —3.6- 10 st/s

¢) N(0) — N(14r) = 2-10%3(1 — e~ 179107°14r) » 1110225t dvs ca 5.5 %



23.a)p' = k(pg —p) = p(t) =1 — 001
b) p(t) = 1 —0.8e~001¢

¢)

d ()=1-e%1t=09=>¢t~230s

10008t

24. y’ = 0008}/(100 — y), y(O) =8= y(t) = Tis1o08t

y(3) = 49 st, ca 20 st/dag

100608
49 + 08¢

y' =0.008y(100 —y),y(0) =2 = y(t) =

y(3) = 18 st, ca 12 st/dag

25. (Det ar tyvérr flera fel i facit i den hér uppgiften.)
2

F=am=v'm=mg—-kv’=v' =g—-—v?=982—-—
am=v'm=mg v v =g mv 80v

a) Vid den maximala hastigheten 50 m/s &r v’ = 0 dvs
k k
=0=9 -2 . = — 25k = i
0=9.82 T 9.82 8050 k=0314 /m

£0:393t_q

, X 0314
b) v =g —sz = 9.82 —?UZ = v(t) =50 20393t 1 m/s



60

50

40

30

20

25 5 75 10

¢)v(3) = 26 m/s, v(8) ~ 46 m/s

26.

y(o) =1 Ino0.2
y(3) = 0.2} o

y'=-Cy=y(t)=Ce" = {

y(12) = 7953612 ~ 0.0016 %
27.a) T' = k(T = Trum) = —0.04(T — 4) = T() = 4 + 16e~ > °C

b) 10 = 4 + 16799410 = ¢, ~ 24 min och ts ~ 69 min

20

~ g~ 0.536¢




28.a) y'(t) = 160 — 0.68y(t), y(0) = 380 mg

b)y'(t) = 0.68(235 — y(t)) = y(t) = 145068t 4 235

1240

80

¢) Om den initiala dosen gors storre kommer tiden det tar att né slutvirdet 235 mg bli langre. Exempel
800 mg i grafen nedan.

1820
1240
H60

80

v
0 08 16 24 3.2 4 48 56 64

d) Om den dagliga dosen 6kas kommer slutvérdet att stanna pa ett hogre virde.

e) Hur stor den dagliga dosen ér.

29.T" = k(Trum — T), ju ndrmare 7 kommer Tgrym,, desto mindre blir derivatan. Om Trymy, > T

initialt &r derivatan positiv och T stiger. Ar Tgym < T initialt &r derivatan negativ och 7 minskar
(svalnar).

30.
]}% =k= f’(X) = kf(x) = f”(X) — kf,(x) _ kkf(x) _ sz(x)

@)

P = k() = s

kTL




31.
a) v'(t) =10 —20v(t)

b) v'(t) = 10 — 20v(t) = 20(0.5 — v(£)) = v(t) = 0.5(1 — e~2%%)
c) 0.5m/s

32.

! ! ! o gm
F=am=v'm=mg—-—kv=v =9_EU'V =0dav=7

") =20 .7 — 20 — 40 — L -1 _
33.2)y'(t) =202 — ——y(t) = 40 500y(t)_Soo(zoooo y(1))

t
y(t) = 20 000 (1 - e‘m)

t
b) y(£) = 20 000 (1 - e‘%) — 6000 =t ~ 178 s

20000 mg _

©) 100001 2 mg/l



