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Kapitel 3
dN
3212. a) —-= kN dvs N(t)=N,e" b) N(r)= Nye®**
t
In2
¢) " =2=t=-"2~13h
0.54
an _ — . 52.07t _ 1 ,1000 _ .
3213. a) = N(t)=>N(t)=180"e b)t = 2mln 50~ 50 min
c) da antalet organismer 4r manga i forhéllande till kérlets storlek
3216. a) ‘;—’z = —6.93-1073K = K(t) = 0.2¢693107%t
b) K (400) = 0.2¢~6:93107°400 \f ~ 00125 M
3217. Y = 0012y = y(t) = 48e70012
3306.

b) v(t) =2 —2e7%5,v'(t) = 4e~?t,v(0) = 0 sitt in i ursprunglig ekvation:
4e ™ =4-2Q2—-2e?) =4 —4+4e7* =47

¢) Om v(0) = 4 fas v(t) = 2e 2t + 2,
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Avsnitt 3.5 Den logistiska tillvixtekvationen och dess 16sning.

' dy
y'=kyM—y)o——=kyM-y) & dy=dcky(M —y) &

=dxody—|—-+

dy 1 (1 1
ky(M — y) Mk\y M-y

) = dx = {integrera bada sidor}

=ka+C1

1 y
m(ln(y) —In(M — y)) =x+Cy & lnM

y . . Meka
— Mkx — M —
—M_y—Cze ©y=(M-y)Ce "@y(x)—CJreka

3505.
a)y' =8.5-10"%y(t)(10000 — y(t)), y(0) = 500 st

0.085x
b) WolframAlpha ger y(x) = 10000e "~ _, y(50) = 7870 st

19+30.085x
10000¢0-085

Q) y(x) = 100 = 0.9+ 10000 = x & 60 &r
d) y'(10) = 8.5-107%y(10)(10000 — y(10)) ~ 83 st/ar

3509.
a)y' = 0.007y(t)(200 — y(t)),y(0) = 30 st

200e14%
b) WolframAlpha ger y(x) = ——=
d)

y 200e14x 200
X0 5.67 + el4x

3510. y(0) = 65,y(1) =98 och y(2) = 142

y' =ky(M —y)

Meax

Losningen ar av formen: y(x) = ——
g y(x) =—2

Med WolframAlpha:

solve m/(b+1)=65 and mexp(a)/(b+exp(a))=98 and mexp(2a)/(b+exp(2a))=142
213

far man direkt a = In (E)’b =——ochM= S TE

. ) d Me% Me®*
For att hitta &, Dy bredx k htedx (M -

d (Me® (b + ¢9)~1) = k Med* u Me%*
dy € € T U h+eax b+ e

M(ae®™ (b + e™) 1 — e qe®™(h + ™) 2) =k Me™ M- Me™
b+ ed* b+ e



aeax eax Meax eax
1- =k 1- =
b+eax< b+eax> b+ea"< b+eax>
a 17 213 i
k=—=——-In (—) ~ 0.001 ar~!
M 8134 \130

213

478¢*"130 X2l
b) (x) ¥ ———53 =300= 178¢" 130 = 300 6.4 = x ~ 4.8 ar = 4 4r och 10 mén
6.4+e*"130
xln& xlnE 213
__ 478e” 130 478 e’ 130 1 xin— _
¢) ¥ (Xmaxtily) = AE T, DT Iz, e 1= 6.4 =
6.4+e” 130 6.4+e”""130

x =3 ar och 9 manader

3603.y" +4y' +4y =0
a)y =Ce ™y’ = —2Ce™*, y"' = 4Ce™* =
4Ce ™ —8Ce ™2 + 4Ce™2* =

b)y = Cxe™?*,y' = Ce™?* — 2Cxe™%¥, y"' = —2Ce™2* — 2C(e™%* — 2xe™?*) =
= —4Ce ¥ + 4Cxe™%* = (—4Ce™2* + 4Cxe™%*) + 4(Ce™2* — 2Cxe™ %) + 4Cxe™%* =
= —4Ce™ + 4Cxe™ + 4Ce™* — 8Cxe™** + 4Cxe™** =0

3604.
A)r’+r—2=0=>r=-1+vV225=-05+15 ={_12$y(x) = Cie* + C,e™%*

b)r2+02r—08=0=7=—01+09 = {(1'*13 = y(x) = C;e"8% + Cye~*

)32 —6r=0or= {g = y(x) = Ce?* + C,e%% = C,e?* + C,

3607. Matas WolframAlpha med: y' + 2y = —5sinx, y(0) = 4
far man direkt: (x) = 3e~2¥ — 2sin(x) + cos(x)

3608. y' +2y' —8y=0=2>r24+2r-8=0=>r=-1+vV1+8=-1+3
y(x) — Cler + Cze—4x’ yr(x) — cher _ 4626_4x

{Cl+C2=0 :>{Cl+62=0:
20, —4C, =2 —6C, =2 1

1
y() = 5 (€% — ™)

3609.

y'+04y +5y=0=>r2+04r+5=0=>r=-024++/022-5=
=—02+22i= y(t) = Ce™%?* - sin2.2t

y = —0.2Ce™%2% - 5in2.2t — 2.2Ce~%2* - c0s2.2t
y'(0)=2=C=-091= y(t) = —091e %%* - sin2.2t

3610.
d%x

F=—2x=>x"+2x=o=>r2+2=0=>r=J_m/§i

Dé sin och cos har samma frekvens ricker det med den ena funktionen. x(0) # 0 ger att vi véljer
cosinus.



x(t) = CcosV2t,x(0) = 5.2 = C = 5.2 = x(¢t) = 5.2cosV2t
T
x(t)=0dé\/§t=5=>tz 11s

3611.

a) "' =—016y=>y" +016y=0>7r2+0.16 =0 = r = +0.4i

y(t) = Csin0.4t + 0.075c0s0.4t = y'(t) = 0.4Ccos0.4t — 0.075 - 0.4sin0.4t
y'(0) =0.03 = 0.4C =0.03 = C = 0.075

y(t) = 0.075sin0.4t + 0.075c0s0.4t

b) dypgrx = ¥0.0752 + 0.0752 ~ 0.11 m




3612. Fragan dr nigot felstélld.
Hiér ar forst 1sningen om strommen i spolen &r noll fran bérjan dvs i;(0) = 0.

S i 0,i(0) = 0 0ch i(0) = 2 ~ 337

1 Ll LCL— , 1L =4vocni —L~

, R 1 R R\ 1 .
L LC 2L 2L LC

i(t) = Ce 1%sin700t = i’'(t) = C700e~14%cos700t — 140Ce 4% sin700t
i’(0) = 337 = 700C = C ~ 0.48
i(t) = 0.48e~149%5in700t A

A

0.281

0.032 0.036

-0.2y
Nu till 16sningen om spolen ér kopplad parallellt med kondensatorn fran bdrjan och sdlunda har en
begynnelsestrom i;(0) = % .

i(t) = Ce 0% cos700t = i(t) = 1.2e 4% cos700t

A
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yaEN

4 + 4 P u— — "
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3701.

a)y' =0.031(27 — y) °/min

b) y'(20) = 0.031(27 — 20) ~ 0.22 °/min
c) y(t) = 27 — 19¢~ 0031

d) y(£) = 27 — 19e 0031t = 22 = =0.031t = >

19

= t = 43 min

3702.

a) 50 kg ar tillskottet/dr och 0.1m dr de 10 % av fororeningarna som forsvinner/ar.
b)m' =50 — 0.1m = 0.1(500 — m), och m(0) = 850

m(t) = 500 + 35001

c)m(5) = 500 + 350e7%° ~ 710 kg

d) m(e0) = 500 kg

7507

5007

2501

3703. y(x) = 100e~*/200
y(x) = 100e /200 = 75 = ¢7%/200 — 075 = t = 58]

3704.y" = —0.3(y — 22) °/min
y(t) =22 —17e793t°C = y(5) ~ 18°C

o] 25 5 75 10 125 1

3705. se exempel 2 sid 143
a) =am=v’m=mg—kv2$v’=g—£v2=9.82—2172




8.9t_
b) Med hjilp av WolframAlpha far vi: v(t) = % =222 - %

2.2 m/s
Ov'(w=0)=g- %UZ(O) =9.82 — 2(0)% = 9.82 m/s?

v'(v=2)=9.82—-2(2)% ~ 1.82 m/s?

A

247

0.8

0.4

1.25 15

3706.a) =am=v'm=—kvi=v = —%vz = —20v?
dv dv 1
— = 20vte —=-20dtes ——=-20t+C
dt v2 v
® (0) = 180 = v(t) = 0
= = = =
v 200+C’" v 3600 + 1
180
b) (0.001) = 2>~ 39 m/s

c)

0.075 0.1 0.125




3707.a)y’ = —0.027(y — (—20)) det & -20° C.
b) D4 kaffets temperatur ndrmar sig -20° C gar férdndringen mot 0.

3708.
a) T'(0) = —k(T(O) = T,) = T'() = —k(T(¢) — 21), T(t) = 61e™* + 21
T(1)=6le®*+21=71=2k=~0.2

b) (t) = 61792t + 21 = 45 = t ~ 4.7 min

3709. a) =am=y'm=mg—ky2$y'=g_%y2=9'82_%y2

6.52(e3%—1

’ dy )
% perava y(0) = 6.52 m/s

y'=—-=982- %yz WolframAlpha ger y(t) =

7.5

25 3 35

3710.

1

50 1
"(t) =50-0.006 ————y(t) = 0.3 ——y(t) = — (150 — y(¢t
y'(©) 5057 ® g7 = 555 (150 —¥(®)

y(t) — 150(1 _ e—0.00Zt)

x
0 500 1000 1500 2000 2500 30




— = —0.6a = a(t) = 24e7%6¢
7 a=a(t) e

b) b'(t) = 0.6a — 0.09b = 14.4e 96t — 0.09h =

b(t) = 28.2(e*0% —¢~06t)

¢) ¢'® = 0.09b(t) = 0.09 - 28.2(e~00% —e=06t) = () = 2.54 (ﬁ e-°-°9f—ﬁe-°-6f)
= c(t) = 4.2e7%6t — 28.2¢700% 4 24

d)

20

X
0 25 5 75 10 125 15 175 20 225 25 27.5 3

e) a(t) = 24e 06t = 28.2(e~009% —~061) = p(¢t) = 52.2¢ 06t = 28.2¢700% =
e—06t+In52.2 _ ,—0.09t+In282 — _ ()6t + In52.2 = —0.09t + In28.2 = t = 1.21 s

f) b(t) = 28.2(e700%—e~06t) = p'(t) = 28.2(—0.09e %% +0.6e706%) = 0
= 0.09¢799% = 0.6¢796t = |n0.09 — 0.09t = In0.6 — 0.6t = t = 3.72
b(3.72) = 17.2 ug

g)a(5) ~ 1.19 ug, b(5) ~ 16.6 ug, +c(5) = 6.23 ug



Test 3
Sid 149-150

!

2y =-08y oy =-04y = y(x) = Ce ®* meny(0) = —4 = y(x) = —4e 04
2. Sok den primitiva funktionen 2 ganger.
y" =12x%,y' =4x3+Cochy =x*+Cx+ D

3. svaren i boken &r inte direkt fel, men underliga. Metoden som anvénds nedan kommer i kapitel 4.

dA  dnr? dr

a)— = = 2nr—
dt dt dt
dA  d4nr? dr

b)—= = 8nr—
dt dt dt
av _ dzmr® 5 dr

c)—= = 4nrs—
dt dt dt
dv

d)—=kA

) dt

4. Modellen forutsitter exponentiell tillvaxt (ndgot orimligt).

an kN,6 = k-42 = N'(t) 1N(t)
_— = . = = -
dt ’ 7

y(x) = Ce™®** meny(0) = 2 = y(x) = 2e 3* och y'(x) = —6e73*
Detta ger tangentens ekvation: y — 2 = —6(x — 0) dvs y = 2 — 6x

7. a) Viardeminskningen ar 35 % per ar. (Det dr vért att notera att det inte dr virdeminskningen
V(t) =V, - 0.65" som differentialekvationen totalt beskriver.)

b) V(t) = Voe 235t = V(3) = 420 000e 79353 ~ 147 000 kr

8. Anvind Newton avsvalningslag dir temperaturen borjar i 95 © och svalnar av mot 21 °.

a)
—kt 74 ke 7% ks
T(t) = 21 + 74e =21(1+He ) och T(5)=21(1+He )=65$k%—0.104

b)
T(t) = 21 + 74e7 0194 = 45 = t ~ 11 min



11.

k
F=m-a=m-v'=mg—-k-v®8=v' =g—— -v¥m/s
m

1

)ﬁ ~ 30 m/s.

Maximal hastighet fis da v'(£) = 0 dvs di g = = V1% = Vg, = (22

12. Anviénd den logistiska tillvixtekvationen:
S"=0.003 - S(Spax — S) dar Sp,q, = 100 000

100 000 - e3¢

100 000 - e*2
S(t) = 9 + @03t =

= S(21) = —— 5 — ~ 28000 st

13. Anvénd den karakteristiska ekvationen:
y'+4y' —5=0=>1r2+4r-5=0r-1D)@r+5)=0=>r,=11rn=-5=
y(x) = Cie* + Cre 5 = y'(x) = Cie ™ — 5C,e™>*
Begynnelsevillkoren ger:

{Cl+C2=0:>{C2=—4/3

4
— _(p—X _ ,5x
C—5C, =871, =473 Y@ =3 —e™)

14. Det som krévs ar att den karakteristiska ekvationen har rotterna r = 3 och r = —3 dvs:
r-3)r+3)=r?-9=0=>y"-9y =0

15.
dp(h
PO p(h) = p(h) = Py e
dh
(Det stér fel facit i uppgiften. Det borde statt att trycket faller proportionellt mot trycket (inte
proportionellt mot héjden)).

b) 48.3 = 101.3e%°> = k = 0.148 km™*!
c) 101.3¢7014885 ~ 288 kPa

16.

Meka
y' =ky(M-y) e yx) = T olkx

50000425t

y' = 0.000085(5000 — y) = y(6) = 75—z



5000e0-85
49+¢085

a)y(2) = ~ 230 fiskar

5000e17
49+e17

b)y(4) = ~ 500 fiskar

¢) Néar 5000 ar uppnatt ar tillvaxten y' = 0, dvs max 5000 fiskar.

5000¢0-425¢ In 49
Cmsr = 2500 = 204250 = 49 4 0425t 5 ¢ = 2

>00be ™~ ~ 9 manader
49+0-425t 0.425

d)

17.2) v'(t) = === v2(t) = —0.015v2(t)

200

200 = 200/3 67
b) WolframAlpha ger: v(t) = Tt2000, = t_zf’mcl ,y(0) =35= v(t) = 790~ Trs
3 3-35

¢c)v(3) = 14 m/s

dDv)=s'"(t) >s(t)=67In(t+1.9)—43=>5(3)=67In(3+1.9) —43 =~ 63 m

Blandade uppgifter
Blandade uppgifter sid 151-155

4.
5.
d d 1
2d—z —y=0= %— Sy = 0 = y(x) = Ce®* och (0,3) ger y(x) = 3e%5%
6.2 = —2y ger direkt att y(x) = Ce™2* och punkten (1,2) att 2 = Ce™2 dvs C = 2e2.

dx
y(x) =2e?- e =227 59’ ' = 4.2
Tangenten far beskrivningen: y —2 = —4(x — 1) =y = —4x+6
7. Anvind den karakteristiska ekvationen:

T1=2

y"+4y’—12y=0$r2+4r—12=(r+6)(r—2)=0:{r - ¢
L = —

y(x) = Ae? + B~ = y'(x) = 24¢* —6Be™* = { AYF =0 {A =3/8

2A—6B =3 B=-3/8
Svar: y(x) = %(ezx — e~ %%)
8.y +3y=0=>y"=-3yi(0,-2)dark=y'(0) = -3y =-3(-2) =6.

11.



2y 4oy=2 2 b2y =22
—_,y = — - - — —
Y YT e x 7Y Y=%

Hogerledets utseende gor att man kan prova med att ansétta:

+—+C ' ZA 5
= — 4 — = = - —
Y 2 x Y x3  x?
B
(A B)a(AiBh) =t
A B 2A B2
S —2+—+2C=——2
x4 x x
{A = godtyckligt A 4
B =4 =2y=—=+--1
C=_1 X% x

12. y" —sin(x) -y = 0 ansdtty = Ce™ “°5* = y' = Csinx e~ “°¥ och y(x) = 8¢~ €°s*



13.f"(x) +9f(x) =0=>7r24+9=0=>7r =43i = f(x) = Asin3x + B cos 3x

5
f’(x)=3Ac053x—3Bsin3x=>B=4ochA=§

5. 25 13
flx) = §sm3x + 4 cos3x fax(x) = ?4_ 16 = <

14.y" —4y' +4y =0=>r2—4r+4 = (r—2)2 = 0 = r = 2, dubbelrot

2 2 _
y(x) = Ae®* + Bxe?* = {je_ 1‘ Be® =0 y(x) = e?* — xe?* = e?*(1 — x)

=>y’(x)=262"(1—x)—e2x=0déx=1 y(1>:f
2’7 \2) " 2

y

2 -0,8 -0,4 0 04 08 \ 12 16
X

5
V14 V14
1400 = 900 - a? =>a=T;N(5) =900-(T> ~ 2700st

15.

16. Den logistiska tillvixtekvationen:

Meka
y' =kyM —y) © y(x) = C 1 oMix
1.5x
a) I det hér fallet &r: k = 0.003 och M = 500 = y(x) = igiim = y(1) = 42,y(4) = 446
I} flugor , flugor
b) ¥'(1) = 0.003y(1)(500 — y(1)) ~ 58 ygn Oh Y (4) = 72 Dan



17. a) 10 % tillvdxt i borjan betyder att y'(0) = 4

y =ky(M —y) © 4 =k-40(400 —40) > k =28-10"*

b)
y' =28-10"*y(400 — y)
c)
400e011¥
y(x) :W:?)OO@X«NJ?)()&F

4007
¥ 3207
2407
1607

80

X
0'/ 0 10 20 30 40 50 60 70

19.52 = kP = P(t) = Ce* Fram: 2.5 = 2.8¢ 715 = J; = —In22 = P, (20) = 1.9 bar

1 26
Bak: 2.6 = 2.8e %20 = k, = —glnﬁ = Ppor(20) = 2.2 bar

Skillnaden ar: Ppqx (20) — Prrgm (20) = 2.8(6_20k2 — e_ZOkl) ~ 0.268 bar hogre bak.

20. Ekvationen saknar funktionen y efter faktorn 0.32. S&hér borde den sett ut:

y"' +04y —032y=0=r=-02++022+032=-02+0.6= {_0(')48
y(x) = C1%* + Ce7 %%,y (x) = 0.4C1e*** — 0.8C,e7*% =

{y(0)=0 =>{ CL+Cy=0 {Cl+CZ=O:> (e=-C=¢

() =-27 1046, -08C,=-2" 126,=—27 ) _ 2 _ 5

5 5
— _,—08x _ _ ,04x
y(x) =ze 3¢



21. a) Faktorn (6000 — N) betyder att ju nirmare populationen kommer 6000 st, desto mindre blir
okningen, dvs tillvéxten stannar av.

b) Tillvéxten &r storst vid halva den maximala populationen dvs dd N = 3000.

6000
— -0.04848t — — ;
3000 = 6.5o-0048%80 1 | = 6.5¢ +1=2=t=38.6min

22.
a) N'=—1.79-107°N(t) = N(t) = 2 - 1023¢ 179107

b)N'(0) = —=1.79-107°-2-10%3 =~ —3.6- 10 st/s

¢) N(0) — N(14r) = 2-1023(1 — ¢~179107°14r) ~ 1.1 10%2st dvs ca 5.5 %



23.a)p" = k(pg —p) = p(t) =1 — e 001
b) p(t) =1 — (0.8¢7001t

c)

d (t)=1-e%%1=09=>¢t=~230s

, 100e9-8t
24. y' = 0.008y(100 — y), y(0) =8 = y(t) = TIEsa05t
y(3) = 49 st, ca 20 st/dag
' = 0.008y(100 — ), 5(0) = 2 = y(t) = 20
= 0. — — = e
y y y»y y 49 + eO.8t

y(3) = 18 st, ca 12 st/dag

25. (Det dr tyvérr flera fel i facit i den hér uppgiften.)

2

F=am=vm=mg-—kvi=v =g——v?2=982——v
m 80

a) Vid den maximala hastigheten 50 m/s dr v’ = 0 dvs

k k
=0=982-—v2=982=—502=k=0.314/m
80 80

~ Ko, 0314 _ £0-393t_4
b) v = g —;U =9.82 —WU = U(t) =50 0393t 41 m/s



60

50

40

30

20

c)v(3) = 26 m/s, v(8) = 46 m/s

26.

y(0) =1 (In0-2
y(3) = 0.2} ’

y'=-Cy=y(t)=Ce" = {

y(12) = 7953612 ~ 0.0016 %
27.a) T' = k(T = Trym) = —0.04(T — 4) = T(t) = 4+ 16e~%04 °oC

b) 10 = 4 + 16e7%%4%0 = t,, ~ 24 min och ts ~ 69 min

~ e—0.536t




28.a) y'(t) =160 — 0.68y(t),y(0) = 380 mg

b) y'(t) = 0.68(235 — y(t)) = y(t) = 145e7°08¢ 4+ 235

1320

1240

80

¢) Om den initiala dosen gors storre kommer tiden det tar att né slutvirdet 235 mg bli ldngre. Exempel
800 mg i grafen nedan.

00

1240

d) Om den dagliga dosen dkas kommer slutvirdet att stanna pé ett hogre vérde.
¢) Hur stor den dagliga dosen ér.

29.T" = k(Trum — T), ju ndrmare 7 kommer Ty, desto mindre blir derivatan. Om Trym > T
initialt dr derivatan positiv och T stiger. Ar Ty < T initialt ir derivatan negativ och 7 minskar
(svalnar).

30.
f'(x)
f@x)

= k= /(0 = kf(x) = (@) = kf'(x) = kkf(x) = K*f (x)

)

n) - n L __~ 7 n
[P ) =k"f(x) = 00 =k



31.
a) v'(t) = 10— 20v(t)

b) v'(t) = 10 — 20v(t) = 20(0.5 — v(t)) = v(t) = 0.5(1 — e~2%%)
c) 0.5m/s

32.

F ' k ' — "= 0d3 gm
= = = — = = — = =
am vrm mg v v g mU,U av X

33.2) y'(t) = 20- 2 = =y (t) = 40 — ——y(t) = —(20 000 - y(t))

10000 500

t
y(£) = 20 000 (1 - e‘m)

t

b) y(£) = 20 000 (1 - e‘ﬁ) = 6000t ~ 178 s

20000 mg

©) 100001 2 mg/l



