Matematik 5 svar
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Kapitel 3
3212 9 N v avs N(t)=Nye" b) N(r)=N,e™™*
. dl_ - 0 - 0
c) O oy N2 g3y
0.54
3213. a) 5% = N(t) = N(t) = 180 - €27 b)t = ~—In—_2 ~ 50 min

c) da antalet organismer 4r manga i forhéllande till kérlets storlek

3216. a) ‘;—Iz =—-6.93-103K = K(t) = 0.2¢~6:931073t
b) K(400) = 0.2¢~6:93107°400 [ ~ 0.0125 M
3217. Z—’t’ = —0.012 -y = y(t) = 4.8¢70012¢

Den logistiska tillvixtekvationen och dess 16sning.

' dy
v =kyM-y) & —=ky(M -y) & dy =dxky(M —y) &

dx
_y d1(1+1>d {int bada sidor}
= P —| — = =
(1 =) x Y Uk IV v x = {integrera bada sidor
1 y
m(ln(y) —In(M — y)) =x+Cy & lnM — = Mkx + C;
Mkx
Y _ . Mk _ Mk _ _Me
M—_y—Cze *oy=M-y)e x@y(x)—m
3505.
a)y’ = 8.5-10"%y(t)(10000 — y(t)),y(0) = 500 st
_ 1000060.08596
b) WolframAlfa ger y(x) = ~orgo0m y(50) =~ 7870 st
100000-085% .
¢)y(x) = ———=0.9-10000 = x = 60 ar

194¢0.085x

d) y'(10) = 8.5-107%y(10)(10000 — y(10)) ~ 83 st/ar

35009.

a)y' = 0.007y(t)(200 — y(t)),y(0) = 30 st
1.4x

b) WolframAlfa ger y(x) = %



d)
20061'4x

S _ 200
xo05.67 + el4x

3510. y(0) = 65,y(1) =98 och y(2) = 142

y' =ky(M —y)

Meax

Losningen ar av formen: y(x) = ——
g y(x) =—

Med WolframAlpha:

solve m/(b+1)=65 and mexp(a)/(b+exp(a))=98 and mexp(2a)/(b+exp(2a))=142

. . 213 7029 8134
far man direkt a = In (—) ,b=—=o0chM =——dvs:
130 1105 17

478e’“”%
yx) x —————53
6.4 + e*"130

For att hitta £,

d Me®™ Meax( Meax)
dyb+e‘1x— b+edx b+edx

d (Me® (b + ¢9)~1) = k Med* u Me%*
dy € € T U h+eax b+ e

M(ae®™ (b + e™) 1 —e®™qe®™(h + ™) 2) =k Me™ M- Me™
b+ ed* b+ ed*

aeax eax Meax eax
1- =k 1- =
b + e b+ e b+ e b+ e

a 17 213
(—) ~ 0.001 ar 1!
130

= n
M 8134

xin213
478130 218

b) (x) ¥ ——= = 300 = 178¢*™130 = 300 - 6.4 = x ~ 4.8 ir = 4 4r och 10 man

6.4+e*"130

478630 478 eHnizg 1 xin2L3
c) Y(xmaxtillv) = i = = B = 2 > e 130 =64 >
6.4+e*"130 6.4+e*M130

x =3 ar och 9 manader

3603.y" +4y' +4y =0
a)y = Ce ™y’ = —2Ce™*, y"' = 4Ce™* =
4Ce™* —8Ce X +4Ce™** =0

b)y = Cxe™?*,y' = Ce™?* — 2Cxe™%¥, y"' = —2Ce™2* — 2C(e™%* — 2xe™?*) =
= —4Ce ¥ + 4Cxe™%* = (—4Ce™%* + 4Cxe™ %) + 4(Ce™%* — 2Cxe™%*) + 4Cxe™%*
= —4Ce > + 4Cxe ™  +4Ce ¥ —8Cxe ™ + 4Cxe™?* =0

3604.
A)r’+r—2=0=>r=-1+vV225=-05+15 ={_12$y(x) = C,e* + C,e™%*

b)r2+02r—08=0=7r=—01+09= {(i'? = y(x) = C;e"8% + Cye*



)32 —6r=0or= {g = y(x) = Cre?* + C,e%% = C,e?* + C,

3607. Matas WolframAlpha med: y' + 2y = —5sinx, y(0) = 4
far man direkt: (x) = 3e~2¥ — 2sin(x) + cos(x)

3608. y' +2y' —8y=0=2>1r?24+2r-8=0=>r=-1+V1+8=-1+3
y(x) — C162x + Cze—4x’ yr(x) — cher _ 4626_4x

{Cl+C2=0 {Cl'{'CZ:O:
20, —4C, =27 —6C, =2 1

1
y(x) = (€% — ™)

3609.

y'+04y +5y=0=>r2+04r+5=0=>r=-024+/022-5=
=—02+22i= y(t) = Ce™%?* - sin2.2t

y = —0.2Ce™%2% - 5in2.2t — 2.2Ce~%2* - c0s2.2t
y'(0)=2=C=-091= y(t) = —091e %%* - sin2.2t

3610.
d?x
dt?
Dé sin och cos har samma frekvens ricker det med den ena funktionen. x(0) # 0 ger att vi véljer
cosinus.

x(t) = CcosV2t,x(0) = 5.2 = C = 5.2 = x(t) = 5.2cosV2t
T
x(t)=0dé\/§t=5=>tz 11s

=2x=2x"+2x=0=2124+2=0=r=+V2i

3611.

a) "' =—016y=>y" +016y=0=>r2+0.16 =0 = r = +0.4i

y(t) = Csin0.4t + 0.075c0s0.4t = y'(t) = 0.4Ccos0.4t — 0.075 - 0.4sin0.4t
y'(0) =0.03 = 0.4C =0.03 = C = 0.075

y(t) = 0.075sin0.4t + 0.075c0s0.4t

b) dypgrx = V0.0752 + 0.0752 ~ 0.11 m




3612. Fragan dr nigot felstélld.
Hiér ar forst 1sningen om strommen i spolen &r noll fran bérjan dvs i;(0) = 0.

S i 0,i(0) = 0 0ch i(0) = 2 ~ 337

1 Ll LCL— , 1L =4vocni —L~

, R 1 R R\ 1 .
L LC 2L 2L LC

i(t) = Ce 1%sin700t = i’'(t) = C700e~14%cos700t — 140Ce 4% sin700t
i’(0) = 337 = 700C = C ~ 0.48
i(t) = 0.48e~149%5in700t A

A

0.281

0.032 0.036

-0.2y
Nu till 16sningen om spolen ér kopplad parallellt med kondensatorn fran bdrjan och sdlunda har en
begynnelsestrom i;(0) = % .

i(t) = Ce 0% cos700t = i(t) = 1.2e 4% cos700t

A

051

yaEN

4 + 4 P u— — "
0 0.004 0.008 012 .016 0.02 .024 0.028 0.032 0.036
X

>

-0.5T




3701.

a)y' =0.031(27 — y) °/min

b) y'(20) = 0.031(27 — 20) ~ 0.22 °/min
c) y(t) = 27 — 19¢~ 0031

d) y(£) = 27 — 19e 0031t = 22 = =0.031t = >

19

= t = 43 min

3702.

a) 50 kg ar tillskottet/dr och 0.1m dr de 10 % av fororeningarna som forsvinner/ar.
b)m' =50 — 0.1m = 0.1(500 — m), och m(0) = 850

m(t) = 500 + 35001

c)m(5) = 500 + 350e7%° ~ 710 kg

d) m(e0) = 500 kg

7507

5007

2501

3703. y(x) = 100e~*/200
y(x) = 100e /200 = 75 = ¢7%/200 — 075 = t = 58]

3704.y" = —0.3(y — 22) °/min
y(t) =22 —17e793t°C = y(5) ~ 18°C

o] 25 5 75 10 125 1

3705. se exempel 2 sid 143
a) =am=v’m=mg—kv2$v’=g—£v2=9.82—2172




8.9t_
b) Med hjilp av WolframAlpha far vi: v(t) = % =222 - %

2.2 m/s
Ov'(w=0)=g- %UZ(O) =9.82 — 2(0)% = 9.82 m/s?

v'(v=2)=9.82—-2(2)% ~ 1.82 m/s?

A

247

0.8

0.4

1.25 15

3706.a) =am=v'm=—kvi=v = —%vz = —20v?
dv dv 1
— = 20vte —=-20dtes ——=-20t+C
dt v2 v
® (0) = 180 = v(t) = 0
= = = =
v 200+C’" v 3600 + 1
180
b) (0.001) = 2>~ 39 m/s

c)

0.075 0.1 0.125




3707.a)y’ = —0.027(y — (—20)) det & -20° C.
b) D4 kaffets temperatur ndrmar sig -20° C gar férdndringen mot 0.

3708.
a) T'(0) = —k(T(O) = T,) = T'() = —k(T(¢) — 21), T(t) = 61e™* + 21
T(1)=6le®*+21=71=2k=~0.2

b) (t) = 61792t + 21 = 45 = t ~ 4.7 min

3709. a) =am=y'm=mg—ky2$y'=g_%y2=9'82_%y2

6.52(e3%—1

’ dy )
% perava y(0) = 6.52 m/s

y'=—-=982- %yz WolframAlpha ger y(t) =

7.5

25 3 35

3710.

1

50 1
"(t) =50-0.006 ————y(t) = 0.3 ——y(t) = — (150 — y(¢t
y'(©) 5057 ® g7 = 555 (150 —¥(®)

y(t) — 150(1 _ e—0.00Zt)

x
0 500 1000 1500 2000 2500 30




— = —0.6a = a(t) = 24e7%6¢
7 a=a(t) e

b) b'(t) = 0.6a — 0.09b = 14.4e 96t — 0.09h =

b(t) = 28.2(e*0% —¢~06t)

¢) ¢'® = 0.09b(t) = 0.09 - 28.2(e~00% —e=06t) = () = 2.54 (ﬁ e-°-°9f—ﬁe-°-6f)
= c(t) = 4.2e7%6t — 28.2¢700% 4 24

d)

20

X
0 25 5 75 10 125 15 175 20 225 25 27.5 3

e) a(t) = 24e 06t = 28.2(e~009%—~061) = p(t) = 52.2¢ 06t = 28.2¢700% =
e—06t+In52.2 _ ,—0.09t+In282 — _ ()6t + In52.2 = —0.09t + In28.2 = t = 1.21 s

f) b(t) = 28.2(e700%—e~06t) = p'(t) = 28.2(—0.09e %% +0.6e706%) = 0
= 0.09¢799% = 0.6¢796t = |n0.09 — 0.09t = In0.6 — 0.6t = t = 3.72
b(3.72) = 17.2 ug

g)a(5) ~ 1.19 ug, b(5) ~ 16.6 ug, +c(5) = 6.23 ug



Kapitel 3 Blandade uppgifter
Blandade uppgifter sid 150-155

11.

2y 4 oy=2 2 b2y =22
—y = =——
Y YT e x 7Y Y=%

Hogerledets utseende gor att man kan prova med att ansétta:

4
B =4 =>y=—=+t--1

{A = godtyckligt A
c=-1

—COSXx

12.y" —sin(x) -y = 0 ansatty = Ce” ¥ = y' = Csinx e~ “°* och y(x) = 8e

20. Ekvationen saknar funktionen y efter faktorn 0.32. S&hér borde den sett ut:

y'+04y"' —032y=0=>r=-02%+v02%+032=-02%06= {_()648
y(x) = C1e%** + C,e7%8%,y'(x) = 0.4C,e%** — 0.8C,e798* =
{y(0)=o ﬁ{ Ci+C,=0 :{Cl+cz=0:> G=-CG=¢
y'(0) = -2 0.4C; — 0.8C, = -2 1.2C, = -2 2 5
G="12773

5 5
— _ ,—-08x _ _ ,0.4x
y(x) =ze




21. a) Faktorn (6000 — N) betyder att ju nirmare populationen kommer 6000 st, desto mindre blir
okningen, dvs tillvéxten stannar av.

b) Tillvéxten &r storst vid halva den maximala populationen dvs dd N = 3000.

6000
_ —0.04848t _ _ .
3000 = 6.5o-0048%80 1 | = 6.5¢e +1=2=1t=38.6min

22.
a) N'=—1.79-10"°N(t) = N(t) = 2 - 1023179107t

b)N'(0) = —=1.79-107°-2-10%3 = —3.6- 10 st/s

¢) N(0) — N(14r) = 2-1023(1 — ¢~179107°14r) ~ 1.1 10%2st dvs ca 5.5 %
23.a)p' = k(pg —p) =2 p(t) =1 —e 001

b)p(t) = 1 — 0.8e7%01¢

c)

d (t)=1-e%%1=09=>¢t=~230s

, 100e9-8t
24. y = 0008y(100 — y), y(O) =8= y(t) = m
y(3) = 49 st, ca 20 st/dag
' = 0.008y(100 — ), 7(0) = 2 = y(t) = 20
= 0. — — = e
y y yny y 49 + 08t

y(3) = 18 st, ca 12 st/dag



25. (Det dr tyvérr flera fel i facit i den hér uppgiften.)

F=am=vm=mg—-kvi=v' =g——v?=982-—v?
m 80

a) Vid den maximala hastigheten 50 m/s dr v’ = 0 dvs

k k
=0=982-—v2=982=—502=k=0.314/m
80 80

0.314 O.393t_1

b) v’=g—%v2=9.82—w

v =3 v((t) = 502

0.393t 41 m/s

60
50
40
30

20

c)v(3) = 26 m/s, v(8) = 46 m/s

26.

y(0)=1 ¢100-2 —0.536t
y(3) = 0.2 Porer

y'=—Cy=y()=Ce™ = {

y(12) = 7953612 ~ 0.0016 %
27.a) T' = k(T = Tryy) = —0.04(T — 4) = T(t) = 4+ 16e~%04 °oC

b) 10 = 4 + 16e7%%4%0 = ¢, ~ 24 min och ts = 69 min



28.a) y'(t) = 160 — 0.68y(t),y(0) = 380 mg

b) y'(t) = 0.68(235 — y(t)) = y(t) = 145068t 4 235

1320

1240

60

80

¢) Om den initiala dosen gors storre kommer tiden det tar att né slutvdrdet 235 mg bli langre. Exempel
800 mg i grafen nedan.

400

1240

d) Om den dagliga dosen dkas kommer slutvérdet att stanna pa ett hogre vérde.

¢) Hur stor den dagliga dosen ér.



29.T" = k(Trum — T), ju ndrmare 7 kommer Ty, desto mindre blir derivatan. Om Trym > T
initialt dr derivatan positiv och T stiger. Ar Trym < T initialt ir derivatan negativ och 7 minskar
(svalnar).

30.
% =k=f'(x) =kf(x) = f"(x) = kf'(x) = kkf(x) = k*f(x)
f(n)(x) _ knf(x) N f(n)(x) —_
B f(x)
31.

a) v'(t) = 10— 20v(t)
b) v'(t) = 10 — 20v(t) = 20(0.5 — v(t)) = v(t) = 0.5(1 — e~2%%)
¢) 0.5 m/s

32.

F ' k ' — "= 0d3 gm
= = = — = = — = =
am vrm mg v v g mU,U av X

33.2)y'(£) = 202 — ——y(t) = 40 — —y(t) = %(20 000 — y(1))

10000 500
_t
y(£) = 20 000 (1 —e soo)

t

b) y(£) = 20 000 (1 - e‘ﬁ) = 6000t ~ 178 s

20000 mg

©) 100001 2 mg/l






